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Abstract
We study (1+1)-dimensional non-linear sigma models whose target space is the flag
manifold U(N)U(N1)×U(N2)···U(Nm) , with a specific focus on the special case U(N)/U(1)
N .
These generalize the well-known CPN−1 model. The general flag model exhibits several
new elements that are not present in the special case of the CPN−1 model. It depends
on more parameters, its global symmetry can be larger, and its ’t Hooft anomalies
can be more subtle. Our discussion based on symmetry and anomaly suggests that for
certain choices of the integers NI and for specific values of the parameters the model is
gapless in the IR and is described by an SU(N)1 WZW model. Some of the techniques
we present can also be applied to other cases.
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1 Introduction
The goal of this paper is to explore two-dimensional sigma model whose target space is a
generalized flag manifold
MN1,N2,...,Nm =
U(N)
U(N1)× U(N2) · · ·U(Nm)
m∑
I=1
NI = N . (1.1)
A special familiar case is m = 2 whereMn,N−n is a Grassmannian and an even more special
case isM1,N−1 = CPN−1. As we will see, the generic case exhibits a number of new elements
that are not present in the familiar CPN−1 sigma model.
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The CPN−1 model depends on a single relevant parameter, the overall size of the target
space
√
r; i.e. the metric is proportional to r and perturbation theory is an expansion in 1
r
.
The theory is asymptotically free, as r shrinks in the IR. In addition, the theory depends
on a 2pi-periodic θ-parameter. A combination of techniques has shown that for generic θ
the model is gapped and the θ dependence is smooth. The only exception is the physics at
θ = pi, where the system has another Z2 global symmetry. For generic N this Z2 symmetry
is spontaneously broken there and the system has two gapped vacua. For N = 2 the system
is gapless and the IR dynamics is that of the SU(2)1 Wess-Zumino-Witten (WZW) model.
See, for example, the introduction of [1] and references therein for a review of this classic
story.
The main difference between the CPN−1 model and its generalizationMN1,N2,...,Nm is that
the latter depends on more parameters. For example, the more general model depends onm−
1 2pi-periodic θ-parameters. Other continuous parameters arise because the SU(N) invariant
metric on MN1,N2,...,Nm is not unique. Finally, we can also have SU(N) invariant two-form
background fields B. There are various loci on the parameter space where the model has
enhanced discrete global symmetry, which can be imposed to constrain the renormalization
group flow.
In most of the paper we will focus on the extreme case m = N where the target space is
the flag manifold
M =M1,1,...,1 = U(N)
U(1)N
=
SU(N)
U(1)N−1
. (1.2)
The model has a global PSU(N) symmetry (the center of the naive SU(N) symmetry acts
trivially on all the physical operators). The sigma model on M can be thought of as a
different SU(N) generalization of the CP1 model than the CPN−1 model. By contrast to
the CPN−1 model with N > 2, we will argue below that the flag sigma model M has an
interesting gapless phase.
Returning to the general N case, the theory depends on N(N−1)
2
continuous PSU(N)
invariant metric parameters and N(N−1)
2
continuous PSU(N) invariant B parameters. N −1
of the B parameters have H = dB = 0 and they lead to N − 1 θ-parameters. The remaining
B parameters label deformations with nonzero H = dB.
On certain subspaces of the parameter space the model has additional global symmetries.
The most symmetric model has an SN permutation symmetry. We will discuss the details of
this symmetry below. Imposing this symmetry most of the parameters of the metric and the
two-form B deformations are set to zero and the theory depends only on the overall scale of
the target space r. In the IR this model is expected to be gapped and trivial. Therefore, it
is interesting to impose only a smaller discrete symmetry.
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An interesting symmetry to impose, in addition to the obvious PSU(N), is ZN . We will
see that if we impose this symmetry, the model depends on bN
2
c continuous metric parameters
and bN−1
2
c continuous B parameters. In addition, there are some discrete B parameters,
which are associated with nontrivial θ-parameters. Depending on the values of these discrete
parameters, the model has a mixed anomaly between the PSU(N) global symmetry and the
discrete ZN symmetry. These anomalies arise from the fact that the Lagrangian of the theory
with these values of the θ-parameters is not invariant under the global symmetries unless we
use the 2pi periodicity of the θ-parameters. The existence of these anomalies means that the
IR theory cannot be trivial. The global symmetry could be spontaneously broken, or the
system could be gapless, or it could be gapped with some topological quantum field theory
(TQFT).1 We will argue that in some of these cases the long distance behavior of the system
is gapless and it is described by the SU(N)1 WZW model.
The global symmetries we have discussed so far are the global symmetries of the UV
theory, GUV . Not knowing what the IR dynamics is, we should explore various possible
candidates. Since the IR symmetry GIR can be larger than the UV symmetry, we should
examine how it could be embedded in it GUV ⊂ GIR. In particular, PSU(N) is always
a global symmetry of our UV model. In a gapless phase, the PSU(N) global symmetry
necessarily enhances to a full-fledged su(N)L × su(N)R current algebra. The most natural
and minimal candidate for the IR conformal field theory (CFT) is therefore the SU(N)
WZW model, which has
GIR = GWZW =
SU(N)L × SU(N)R
ZN
o ZC2 (1.3)
global symmetry, as well as parity symmetries.2 Once we find how the symmetries are
embedded, we should make sure that they have the same anomalies. We will present a
powerful tool to do that.
We would like to examine whether our flag sigma model can flow to the WZW CFT. The
WZW Lagrangian, which is a group manifold sigma model at large radius plus a quantized
Wess-Zumino (WZ) term, gives us a flow from a free UV theory to a nontrivial conformal
field theory in the IR [2]. Unlike our flag theory, here the global symmetry (1.3) and its
various anomalies are present throughout the renormalization group flow (see the left flow
in Figure 1). Then we will turn on a suitably chosen potential in the UV of this model
that restricts the WZW field to take values in a subspace of field space. We will arrange it
such that this subspace is our flag target space. This method has been used in [3, 4]. This
potential breaks the WZW symmetry GWZW to a subgroup GUV ⊂ GWZW , which is the UV
1The case of spontaneous global symmetry breaking is a special case of such a TQFT.
2ZC2 is charge conjugation and it is absent for N = 2. In Section 7 we will discuss the action of these
symmetries in more detail.
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UV of WZW model
GWZW
UV of the flag sigma model
GUV (⊂ GWZW )
Potential on the
WZW target space
WZW CFT
GWZW
Standard WZW
flow
The flow we
explore
Figure 1: The UV WZW model flows in the IR to the WZW CFT. This flow preserves the full
GWZW global symmetry. Here we deform this UV theory by a potential that restricts the field to
take values in the flag M and breaks the WZW symmetry to GUV ⊂ GWZW . Then we explore
whether the sigma model can flow to the WZW CFT (dashed line in the diagram). The global
symmetry of each theory in the figure is written below it.
symmetry of our flag sigma model. Clearly, when the coefficient of the new potential terms
is large we first flow from the UV of the WZW to our sigma model (the top flow in Figure
1) and then we flow from there to the IR. We explore whether this last flow is to the WZW
CFT (the dashed flow in Figure 1).
One aspect of this construction is that it guarantees that our UV symmetry GUV is
properly embedded in the symmetry GWZW of the explored IR behavior and that they have
the same anomalies.
Another aspect of this construction is that it gives us another tool to examine such a
possible flow. Consider the WZW conformal field theory. If the dashed flow in Figure 1
exists, then it reaches the WZW point along an irrelevant operator, which is invariant under
GUV but not invariant under GWZW . Furthermore, we would like all the GUV -invariant
deformations of the WZW theory that are not GWZW invariant to be irrelevant. This would
guarantee that if the flow (the dashed line in Figure 1) arrives close to the WZW point,
it will be attracted to it. Alternatively, if the WZW model has a relevant GUV -invariant
deformation (other than the identity operator), then a generic flow from the IR would miss
it. See, for example, [5, 6] for applications of this type of argument.
Specifically, we will study the theory with a globalGUV = (PSU(N)×ZN)oZC2 symmetry
and non-trivial θ-angles, generalizing the N = 2 case of CP1 model at θ = pi.3 We will argue
3Similar to the WZW model, ZC2 is absent in the CP
1 model compared to the higher SU(N)/U(1)N−1.
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that it flows to the SU(N)1 WZW model where the global symmetry is enhanced to GWZW .
First, we will show that we can add a potential to the WZW model to restrict the target
space to be the flag manifold. This guarantees that the these two models have the same
anomaly under GUV . Second, it is significant that the only GUV -invariant relevant operator
in the WZW CFT is the identity operator. This means that for a range of parameters
the flow from the sigma model can hit this fixed point. In other words, no fine tuning is
necessary.
The SU(N)/U(1)N−1 sigma model was derived from the spin chain in [7, 8]. The N = 3
case was subsequently studied in detail in [1]. The authors proposed that the Z3-symmetric
model with nontrivial θ-angles flows to the SU(3)1 WZW model. The global symmetry and
anomaly of the flag manifold for general N were later studied in [4]. Their proposal about
the IR phases is similar, but not identical, to ours.
What if we start with the SN invariant model with trivial θ-angles? In this case the UV
global symmetry is
G′UV = (PSU(N)× SN)o ZC2 . (1.4)
In the N = 2 case this reduces to the CP1 model at θ = 0.
Can this SN invariant model flow to the SU(N)1 WZW CFT? If so, the symmetry
G′UV cannot be embedded into GWZW as in the previous case. One possibility is that the
SN ⊂ G′UV is unbroken and acts trivially in the IR, and there is another emergent ZN
symmetry that combines with PSU(N) to form GWZW . In this case we can no longer use
the ZN ⊂ SN to restrict the relevant deformations in the SU(N)1 WZW model. In fact, there
are many PSU(N) invariant relevant deformations in the SU(N)1 WZW model. For the
higher level WZW models there are even more symmetry-preserving relevant deformations.
Hence, we do not expect the model to hit the WZW fixed point without fine tuning. An
identical argument carries over as long as the flag sigma model on M does not have the
global symmetry PSU(N) × ZN with the same anomaly as in the SU(N)1 WZW model.
Another possibility is that the entire G′UV symmetry decouples in the IR.
4 In this case we
do not expect the IR phase to be gapless because there is no symmetry argument to forbid
any relevant deformation in the candidate CFT.5
4The continuous global symmetry PSU(N) cannot be spontaneously broken in two dimensions.
5Logically it is possible that the IR phase is a CFT without any relevant deformation, e.g. the E8 WZW
model at level 1. However, by modular invariance, it is known that any 2d unitary CFT with c < 8 must
admit relevant deformations [9] (based on earlier work [10,11]). Therefore as long as the UV central charge
cUV = N
2 −N is smaller than 8 (which is the case for N = 2, 3), we can confidently conclude that the IR
phase must be gapped if the entire UV symmetry acts trivially in the IR. We assume the same conclusion is
true for all N .
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An important part of analyzing the renormalization group flow from the flag sigma model
is to explore its various operators in the UV. Here we should turn on all possible operators
that are invariant under GUV and explore their beta-function. We will not do it in full
generality. Instead, we will expand around the SN invariant theory with only one parameter,
the overall size square r. This theory has G′UV = (PSU(N)×SN)oZC2 global symmetry. We
will explore small ZN invariant deformations of the metric and the background B around this
model. At leading order this will allow us to organize them in terms of SN representations.
We will examine the renormalization group flow for this range of parameters and will see
that for N > 6 the SN violating but ZN invariant deformations are irrelevant.6
An extreme version of this range of parameters is obtained when we start with the SN
invariant model with its unique parameter r and turn on only the ZN invariant θ-parameters,
but not the other ZN invariant deformations. Strictly, this is an unnatural thing to do.
However, in perturbation theory such a setup is actually natural. Since the violation of
the global ZN is only due to instantons and their effect is invisible in perturbation theory,
the remaining SN violating but ZN invariant parameters are not activated. Of course, non-
perturbatively, instantons make them non-zero. Yet, it is technically natural to explore this
range of parameters. The reason this range of parameters is significant is that to all orders
in perturbation theory the flow preserves the global SN symmetry and possible operators
that can take us afar are not present.
Our general arguments fall into two classes. Kinematical considerations involve the global
symmetry GUV in the UV and its ’t Hooft anomalies. These are matched with putative IR
CFTs, specifically WZW models. Once a flow from the UV sigma model to the putative
IR theory is kinematically possible, we apply more dynamical considerations. These are
associated with GUV -invariant, relevant deformations of the putative IR theory. For every
such operator one fine tuning is needed in order to hit the IR theory. And if no such relevant
operator exists, the fixed point is attractive and no fine tuning is necessary.
However, even if no GUV -invariant, relevant operators exist in that theory, we are still
not guaranteed that the renormalization group flow from the UV indeed hits that theory.
Instead, what this shows is that if the flow gets to the vicinity of that theory, it will be
attracted to it. But there is no proof that the UV theory gets to the vicinity of that IR point
in the first place. For this reason, whenever we say that we can hit a certain IR CFT, what
we really mean is that this IR behavior is kinematically possible and if we get close to it, we
end up there; i.e. that point is attractive. This falls short of a proof that the long distance
behavior is indeed described by this theory.
In all our examples GUV has nontrivial ’t Hooft anomalies, which can be matched by
6Here, when we say irrelevant, relevant, or marginal we mean relative to the flow of the overall radius
square r. We will explain it in detail in Section 5.
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the proposed IR CFT. If however, as we have just said, the long distance theory is gapped,
then these anomalies mean that GUV should be spontaneously broken and the vacuum is not
unique.
The paper is organized as follows. In Section 2 we write down the Lagrangian for the
SU(N)/U(1)N−1 flag sigma model and classify the PSU(N)-invariant parameters. In Section
3 we discuss the discrete global symmetry of the model and its ’t Hooft anomaly. In Section 4
we deform the UV WZW model to the flag sigma model, establishing the top line in Figure 1.
This ensures that the global symmetry and anomaly are the same in the WZW CFT and the
flag sigma model. We further discuss the symmetry-preserving relevant deformation in the
IR WZW CFT point to determine whether fine-tuning is needed to hit the fixed point. Based
on the above considerations, we argue that the flag sigma model with special parameters
flows to the SU(N)1 WZW CFT in the IR. In Section 5 we compute the one-loop beta
functions of the flag sigma model and use various discrete symmetry to constrain the flow.
In Section 6 we specialize to the SU(3)/U(1)2 model and study the renormalization group
flow in details. In Section 7 we extend our argument to the more general flag manifold. In
particular we argue that the U(rM)/U(M)r sigma model with special parameters and with
r,M sufficiently large flows to the SU(rM)1 WZW CFT. We also apply our discussion to
the classic CPN−1 model and recover known results. We summarize our results in Section 8.
In Appendix A, we prove a technical identity that we use in analyzing the deformation
from the UV WZW model to the flag sigma model. Appendix B counts the two-derivative
deformations around the UV WZW model and matches them with the counting in the flag
sigma model. In Appendix C, we use the same techniques to analyze the sigma model on
the coset SU(N)/SO(N). In Appendix D, we discuss some aspects of the flag sigma model
with N = (2, 2) supersymmetry.
2 The Lagrangian and the Parameters
2.1 The Lagrangian
We are interested in a theory of several complex scalar fields φIi . There is an SU(N) symmetry
acting on the lower case index i = 1, 2, · · · , N . The scalars φIi are constrained to satisfy∑
i
φJi φ¯
i
I = δ
J
I . (2.1)
8
We will also often use ∑
i
(∂φJi )φ¯
i
I = −
∑
i
φJi ∂φ¯
i
I , (2.2)
which follows from (2.1).
We impose gauge invariance under
φIi → eiλIφIi . (2.3)
We can do that by adding U(1) gauge fields aI and use the covariant derivatives Dφ
I
i ≡
(∂ + iaI)φ
I
i and Dφ¯
i
I ≡ (∂ − iaI)φ¯iI . We can also replace aI by
aI = − i
2
∑
i
(
φIi ∂φ¯
i
I − φ¯iI∂φIi
)
= −i
∑
i
φIi ∂φ¯
i
I . (2.4)
With this aI it is convenient to use ∑
i
φ¯iIDφ
I
i = 0 . (2.5)
Our model has the gauge symmetry (2.3) either in the formulation with independent gauge
fields aI or if we use (2.4). Correspondingly, the scalar fields φ
I might not be single valued
— we might need to cover our spacetime with patches with transition functions between
them.
One special case is based on N complex scalar fields φi and then the index I is suppressed.
It leads to the CPN−1 = U(N)
U(1)×U(N−1) model. We will focus on the theory with I ranging from
1 to N . The resulting theory is a nonlinear model with the target space
SU(N)
U(1)N−1
. (2.6)
This is a different SU(N) generalization of the CP1 sigma model.
Several comments are in order:
1. Because of (2.1), the scalars φIi can be viewed as a unitary N × N matrix φ with a
global PSU(N) action φ→ V φ and a local U(1)N action φ→ φM , where V ∈ SU(N)
and M a diagonal U(N) matrix. However, the continuous global symmetry of the
system is PSU(N) = SU(N)/ZN instead of PSU(N). The quotient by ZN follows
from the fact that each gauge invariant operator must have equal numbers of φIi and
φ¯jI and therefore it transforms trivially under the center of SU(N).
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2. For some purposes we will find it convenient to express φNi in terms of the other φ
I
i .
However, this might obscure some of the symmetries of the problem.
3. For N = 2 the two special cases CPN−1 and SU(N)/U(1)N−1 coincide. This will allow
us to compare the analysis here with the well studied CP1 model.
4. One important difference between the CPN−1 theory and the SU(N)/U(1)N−1 theory
(for N > 2) is that the CPN−1 space has a unique (up to rescaling) SU(N) invariant
metric, while the SU(N)/U(1)N−1 space has a multi-parameter family of PSU(N)
invariant metrics. In addition, we can have a multi-parameter family of PSU(N)
invariant torsion terms. This means that our model is characterized by several pa-
rameters. Below we will describe these parameters and will show how they can be
restricted by imposing more global symmetries.
The simplest terms in an invariant Lagrangian are
L =
∑
I,i
rI |DµφIi |2 + i
∑
I
θI
2pi
µν∂µaIν , (2.7)
where the coefficients rI and the phases θI are arbitrary. Here we can also substitute (2.4).
Below we will impose additional discrete symmetries that will constrain the parameters rI
and θI . The Lagrangian (2.7) describes N copies of the CPN−1 model that are coupled
through (2.1).
What other terms can we add to (2.7)? Using (2.1) it is easy to see that the only U(1)N
invariant potential without derivative is a constant. Let us move on to the two-derivative
terms. U(1)N gauge invariance and the conditions (2.1) restrict the allowed terms. The
general term has fields with derivatives, e.g. DφDφ¯, multiplied by some φ’s and φ¯’s. Any
i, j indices that are contracted entirely within the factors without derivatives become trivial
using (2.1). Therefore, we can limit ourselves to terms of the form∑
i,j
φIi φ¯
j
JDφ
K
j Dφ¯
i
L . (2.8)
Note that using (2.2) we can write terms like
∑
i,j φ¯
j
J φ¯
i
LDφ
K
j Dφ
I
i as (2.8).
We will use the formulation where the gauge field aI has been replaced by (2.4). Because
of (2.5), the only two derivative term we need to consider is∑
i,j
φJi φ¯
j
J(Dφ¯
i
I)(Dφ
I
j ) , I 6= J . (2.9)
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Here the aI ’s in the covariant derivative are understood in terms of (2.4). Let us write this
term as well as the original kinetic term
∑
i |DφIi |2 directly in terms of φ alone:∑
i
|DφIi |2 =
∑
i
|∂φIi |2 − |
∑
i
φ¯iI∂φ
I
i |2∑
i,j
φJi φ¯
j
J(Dφ¯
i
I)(Dφ
I
j ) =
∑
i,j
φJi φ¯
j
J(∂φ¯
i
I −
∑
k
φIk∂φ¯
k
I φ¯
i
I)(∂φ
I
j +
∑
l
φIl ∂φ¯
l
Iφ
I
j )
= (
∑
i
φJi ∂φ¯
i
I −
∑
k
φIk∂φ¯
k
Iδ
J
I )(
∑
j
φ¯jJ∂φ
I
j +
∑
l
φIl ∂φ¯
l
Iδ
I
J)
=
{
(
∑
i φ
J
i ∂φ¯
i
I)(
∑
j φ¯
j
J∂φ
I
j ) for I 6= J
0 for I = J .
(2.10)
We conclude that we can allow arbitrary rI and θI in (2.7) and we can have an arbitrary
linear combination of term like (2.9) with real symmetric coefficients 1
2
GIJ (and we can set
the diagonal elements GII to zero) with a symmetric contraction of the Lorentz indices and
with arbitrary real antisymmetric coefficients 1
2
BIJ with an antisymmetric contraction of the
Lorentz indices.
Explicitly, these two-derivative deformations terms are:
∑
1≤I<J≤N
(GIJδ
µν +BIJ
µν)
(∑
i
φJi ∂µφ¯
i
I
)(∑
j
φ¯jJ∂νφ
I
j
)
(2.11)
The terms with GIJ lead to modifications of the target space metric and the terms with
BIJ can be viewed as torsion. We can also extend the range of I and J and let GIJ be a
symmetric tensor (with vanishing diagonal elements) and BIJ an antisymmetric tensor.
To summarize, we have the following Lagrangian for the SU(N) theory parametrized by
rI , GIJ and θI , BIJ :
N∑
I=1
(
rI
(∑
i
|∂φIi |2 − |
∑
i
φ¯iI∂φ
I
i |2
)
+
θI
2pi
µν
∑
i
∂µφ
I
i ∂νφ¯
i
I
)
+
∑
1≤I<J≤N
(GIJδ
µν +BIJ
µν)
(∑
i
φIi ∂µφ¯
i
J
)(∑
j
φ¯jI∂νφ
J
j
)
, (2.12)
There are redundancies between the parameters rI and GIJ and also between θI and BIJ .
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To see this, let us first note that from (2.1), we have∑
I
φIi φ¯
j
I = δ
j
i (2.13)
from which it follows that∑
J
∑
i,j
φJi φ¯
j
J(Dφ¯
i
I)(Dφ
I
j ) =
∑
i
(Dφ¯iI)(Dφ
I
i ) , (2.14)
which is the same as the terms in (2.7). Therefore, we have the freedom in shifting the
coefficients rI → rI + cI combined with GIJ → GIJ − cI − cJ (recall that GIJ is symmetric)
and similarly, θI → θI + 2pibI combined with BIJ → BIJ − bI + bJ (recall that BIJ is
antisymmetric). In particular, we can set rI = θI = 0 using this freedom. This makes it
clear that the theories are labeled by GIJ and BIJ . However, this might not be a convenient
choice. In particular, it does not make the 2pi periodicity of θI manifest. Alternatively, we
can use this freedom to set rN = θN = GIN = BIN = 0, such that φ
N
i does not appear in
the Lagrangian. This can be understood as using (2.1) to eliminate it in terms of φIi with
I = 1, ..., N − 1.
A special case of the redundancy transformation is bI = b for all I. This shifts all the θI
by:
θI → θI + b , ∀ I = 1, · · · , N , (2.15)
without changing BIJ . In other words, we are always free to shift all N θ-angles by the same
amount.
With the above redundancy taken into account, we conclude that there are N(N − 1)/2
G deformation terms (including rI and GIJ) and N(N − 1)/2 B deformation (including θI
and BIJ) terms preserving the PSU(N) global symmetry.
2.2 Counterterms
The continuous global symmetry of the system is PSU(N) = SU(N)/ZN . As commented
earlier, the quotient by ZN follows from the fact that every gauge invariant operator trans-
forms trivially under the center of PSU(N). Hence, we can couple the system to classical
background PSU(N) gauge fields.
We denote the PSU(N) bundle by P . It is characterized by the second Stiefel-Whitney
class w2(P), which is an integer modulo N . As in the CPN−1 model, for PSU(N) background
fields that are also SU(N) bundles (i.e. w2(P) = 0) the N gauge fields aI are ordinary U(1)
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gauge fields satisfying
∮
daI
2pi
∈ Z. But for nonzero w2(P) the U(1) the gauge fields have∮
daI
2pi
=
w2(P)
N
mod 1 . (2.16)
The introduction of these background fields allows us to add to the Lagrangian a coun-
terterm
2pi
N
pw2(P) , (2.17)
with p an integer modulo N . This integer p does not affect any local physics in the bulk.
The model is characterized by N angles θI as in (2.7). Each is 2pi periodic. However,
when w2(P) is nonzero the fluxes of aI are fractional multiples of 2pi (see (2.16)) and θI are
not quite 2pi periodic [12]. As in the CPN−1 model, a shift of any θI by 2pi does not leave the
theory invariant, but shifts p by 1. Therefore, the theory is characterized by (θ1, θ2, ..., θN , p)
with the identifications
(θ1, θ2, ..., θN , p) ∼ (θ1 + 2pi, θ2, ..., θN , p+ 1) ∼ (θ1, θ2 + 2pi, ..., θN , p+ 1) ∼ ...
∼ (θ1, θ2, ..., θN , p+N) . (2.18)
Physically, p labels the N -ality of the PSU(N) representation on a boundary. Shifting
any θI by 2pi leads to a pair creation of φ
I particles to screen it, but since they transform
nontrivially under PSU(N), this pair creation changes the N -ality of the representation on
the boundary and leads to (2.18).
3 Discrete Global Symmetry and ’t Hooft Anomaly
In addition to the continuous PSU(N) global symmetry, the SU(N)/U(1)N−1 sigma model
(2.12) has various discrete global symmetry at special loci on the parameter space of rI , θI , GIJ , BIJ .
In this section we analyze these global symmetries and their ’t Hooft anomalies. Our dis-
cussion on the ’t Hooft anomaly will follow [12].
3.1 SN Symmetry
Consider the SN symmetry that permutes the index I. We will be mostly interested in
the case when this SN symmetry is explicitly broken by generic values of the parameters
rI , GIJ , θI , BIJ , but it would still be convenient to organize the couplings using this broken
symmetry.
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Let N− 1 be the standard representation of SN associated to the partition (1, N − 1).
The parameters rI and GIJ are subject to redundancies we discussed above. The set of
distinct parameters transform in the symmetric product representation of two (N− 1) (see,
for example, [13]):7
Sym2(N− 1) = 1⊕ (N− 1)⊕ N(N− 3)
2
, (3.1)
where N(N−3)
2
is the SN irrep associated to the partition (2, N−2). The rI ’s can be invariantly
identified as the parameters in the 1 ⊕ (N− 1) representation, while the remaining GIJ ’s
can be identified as the N(N−3)
2
part. In particular, the trivial representation 1 corresponds
to the overall size of the flag manifold.
The distinct parameters θI and BIJ transform in the antisymmetric product representa-
tion of two 1⊕ (N− 1):
Λ2(1⊕ (N− 1)) = (N− 1)⊕ (N− 1)(N− 2)
2
, (3.2)
where (N−1)(N−2)
2
= Λ2(N− 1) corresponds to the partition (12, N − 2). The θI ’s can be
invariantly identified as the parameters in the N− 1 representation, while the remaining
BIJ ’s correspond to the
(N−1)(N−2)
2
representation.
3.2 ZN Symmetry
Below we will be interested in the ZN global symmetry that cyclically shifts
ZN : φIi → φI+1i , aI → aI+1 , (3.3)
with I = N maps to I = 1. Let us determine the conditions on the parameters so that the
theory is invariant under this ZN symmetry. Clearly we need
rI = r ,
θI = θ0 + n
2piI
N
, I = 1, 2, · · · , N,
(3.4)
where n = 0, 1, 2, · · · , N − 1. Note that two configurations labeled by n and n′ with
gcd(n,N) = gcd(n′, N) are related by a field redefinition and will not be distinguished.
When we turn on a nontrivial PSU(N) background, we can add to the Lagrangian a
7In our convention the trivial SN representation corresponds to the partition (N), while the one-
dimensional sign representation corresponds to the partition (1N ).
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counterterm (2.17) with p an integer modulo N . Let us study the ZN global symmetry when
this counterterm is taken into account. We start with the ZN symmetric θ angles labeled by
n: (
θ1 =
2pin
N
, θ2 =
4pin
N
, · · · , θN−1 = 2pi(N − 1)n
N
, θN = 0, p
)
→
ZN
(
θ1 =
4pin
N
, θ2 =
6pin
N
, · · · , θN−1 = 0, θN = 2pin
N
, p
)
→
(
θ1 =
2pin
N
, θ2 =
4pin
N
, · · · , θN−1 = −2pin
N
, θN = 0, p
)
∼
(
θ1 =
2pin
N
, θ2 =
4pin
N
, · · · , θN−1 = 2pin− 2pin
N
, θN = 0, p+ n
)
. (3.5)
Let us explain each step. In the second line we perform the ZN symmetry transformation on
the gauge fields aI , whose effect is equivalent to changing the θ angles as given in the second
line. In the third line we use (2.15) to shift all the θ angles simultaneously by −2pin/N .
In the forth line we shift only θN−1 by 2pin, at the price of shifting p by n at the same
time. We see that the previous ZN symmetric configuration is no longer invariant when the
counterterm (2.17) is taken into account. Instead, the parameters are shifted as(
θI =
2piIn
N
, p
)
→
(
θI =
2piIn
N
, p+ n
)
. (3.6)
The shift (3.6) means that at the ZN invariant point (3.4) there is a mixed ’t Hooft
anomaly between the PSU(N) and the ZN global symmetries [4], labeled by an integer n
modulo N .8 This anomaly can be represented as the three-dimensional term
2pin
N
∫
A ∪ w2(P) , (3.7)
where P is the background PSU(N) bundle and A is a background ZN gauge field. Physi-
cally, it means that the action of the global ZN symmetry must be accompanied with chang-
ing the N -ality of the SU(N) representation at the boundary by n units. This anomaly
means that at these values of θ the IR system cannot be trivial. Either there is a first order
transition associated with the spontaneous breaking of this ZN , or there is a nontrivial fixed
point there.
8A similar thing happens in the CPN−1 model. There this discrete ZN symmetry is replaced by a Zcharge2
charge conjugation symmetry, which is present at θ = 0, pi. And there is a nontrivial mixed anomaly between
the global PSU(N) and this Zcharge2 symmetry at θ = pi. It leads to the conclusion that the IR physics must
be nontrivial at θ = pi. See Section 7.2 for more details.
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3.2.1 ZN Invariant Deformations
We have studied the constraints on the original Lagrangian (2.7) by the ZN symmetry. Let
us proceed to study the ZN invariant two-derivative deformations (2.11). Let us define
GIJ ≡ δµν
(∑
i
φJi ∂µφ¯
i
I
)(∑
j
φ¯jJ∂νφ
I
j
)
, (3.8)
BIJ ≡ µν
(∑
i
φJi ∂µφ¯
i
I
)(∑
j
φ¯jJ∂νφ
I
j
)
. (3.9)
We will first count the ZN invariant G deformations. When N is even, we have N/2 such
deformations. Each one of them can be obtained by starting from G1J with J = 2, · · · , N/2+1
and adding its ZN images. Explicitly, they are
G12 + G23 + · · ·+ GN1 ,
G13 + G24 + · · ·+ GN2 ,
...
G1N
2
+ G2N+2
2
+ · · ·+ GN N−2
2
,
G1N+2
2
+ G2N+4
2
+ · · ·+ GN
2
N , (N : even) .
(3.10)
Note that the last term is special; it only has N/2 terms, whereas the other terms have N
terms. When N is odd, we can start with G1J with J = 2, · · · , (N + 1)/2 and add its ZN
images:
G12 + G23 + · · ·+ GN1 ,
...
G1N+1
2
+ G2N+3
2
+ · · ·+ GN N−1
2
, (N : odd) .
(3.11)
Hence, there are bN
2
c ZN invariant G deformations.
Moving on to the B deformations. The analysis is almost identical except that the last
term in (3.10) becomes 0 when we add up all the ZN images, due to the antisymmetric
property of BIJ . It follows that there are only (N − 2)/2 B deformation terms when N is
even, while there are still (N − 1)/2 terms when N is odd.
To summarize, there are N(N − 1)/2 G deformations and N(N − 1)/2 B deformations,
before imposing the ZN symmetry. Imposing the ZN symmetry, there are bN2 c ZN invariant
G deformations and bN−1
2
c ZN invariant B deformations.
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3.3 Z2 Symmetries
For special choices of the parameters, there are various enhanced Z2 global symmetries. We
will analyze these Z2 symmetries and their anomaly.9
Consider the following ZC2 charge conjugation action:
ZC2 : φIi → φ¯iN−I+1 , aI → −aN−I+1 . (3.12)
It is a global symmetry if the parameters rI , θI , GIJ , BIJ are chosen to be ZN symmetric as
discussed in Section 3.2. In particular, ZC2 is preserved only if the θ-angles are given as in
(3.4), i.e. θI = n
2piI
N
for some integer n.
Is there a mixed anomaly between ZC2 and the PSU(N) symmetry? To settle this, we
turn on a PSU(N) background and add to the Lagrangian a counterterm 2pi
N
pw2(P) (2.17).
Next, we ask whether the ZN symmetric θ-angles are still invariant under ZC2 when the
counterterm is taken into account:(
θ1 =
2pin
N
, θ2 = 2
2pin
N
, · · · , θN−1 = (N − 1)2pin
N
, θN = 0, p
)
→
ZC2
(
θ1 = 0, θ2 = −(N − 1)2pin
N
, · · · , θN−1 = −22pin
N
, θN = −2pin
N
,−p
)
→
(
θ1 =
2pin
N
, θ2 = −(N − 2)2pin
N
, · · · , θN−1 = −2pin
N
, θN = 0,−p
)
∼
(
θ1 =
2pin
N
, θ2 = 2
2pin
N
, · · · , θN−1 = 2pin− 2pin
N
, θN = 0,−p+ n(N − 2)
)
∼
(
θ1 =
2pin
N
, θ2 = 2
2pin
N
, · · · , θN−1 = (N − 1)2pin
N
, θN = 0,−p− 2n
)
. (3.13)
We can choose a counterterm p = −n such that the configuration (θI , p) returns to itself
under ZC2 , so there is no mixed anomaly between PSU(N) and ZC2 in the flag sigma model
SU(N)/U(1)N−1.10 The same conclusion was also arrived in [4] via a different computation.
9Some of these Z2’s will be referred as charge conjugation. However, the notion of charge conjugation is
not invariant under field redefinition nor unique. For example, we can always combine a charge conjugation Z2
with another Z2 global symmetry. The combined Z2 can also be called the charge conjugation. Furthermore,
the charge conjugation in one presentation of the model might become a symmetry that does not involve
any complex conjugation in another presentation (see Section 7.3 for example). Below we will choose to call
some Z2’s the charge conjugation simply because they involve complex conjugation of the φ field, but the
reader should not assign any invariant meaning to this terminology.
10In the N = 2 case, this ZC2 is an element of PSU(2). On the other hand, there is a mixed anomaly in
the CP1 model between PSU(2) and the ZN=2 discussed in (3.3). Below in Section 7.3 we give a detailed
discussion on the global symmetry in the CP1 sigma model.
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We can consider another charge conjugation Zcharge2 action
Zcharge2 : φIi → φ¯iI , aI → −aI . (3.14)
It is a symmetry if all the θI ’s are either 0 or pi. Without loss of generality consider the point
in the parameter space
θI =
{
pi for I = 1, ..., L
0 for I = L+ 1, ..., N − 1 . (3.15)
Then the Zcharge2 charge conjugation symmetry acts as
(θI , p)→ (−θI ,−p) ∼ (θI ,−p+ L) , (3.16)
where we used (2.18).
When L is odd and N is even, there is no choice of p such that the above configuration
is Zcharge2 invariant, so there is a mixed anomaly between the continuous PSU(N) global
symmetry and Zcharge2 . This anomaly can be represented by the 3d term
2piL
2
∫
C ∪ w2(P) , (3.17)
where P is the background PSU(N) bundle and C is a background Zcharge2 gauge field. (Note
that this is meaningful only for even N and is nontrivial only for odd L.) Physically, the
symmetry action involves a shift of θI with I = 1, ..., L by 2pi and this leads to L pair creations
of φI quanta, which move to the boundary. Consequently, the N -ality of the representation
on the boundary changes by L units. This anomaly means that except for L = 0, the long
distance physics at these points cannot be trivial. Either the system is gapless there, or this
discrete symmetry is spontaneously broken. (The continuous PSU(N) symmetry cannot be
broken because we are in two dimensions.)
If on the other hand L and N are both odd, we can choose a p such that the above
configuration is Zcharge2 invariant. Similarly, when L is even there is also such a choice of p to
preserve the Zcharge2 symmetry. In these cases there is no mixed anomaly between PSU(N)
and Zcharge2 .
Our system also has a CP symmetry at any θ, so the discussion in this section can be
stated equivalently as associated with a parity transformation rather than charge conjuga-
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tion. CP acts as
φIi (x, t)→ φ¯iI(−x, t) , aIµ(x, t)→ −(−1)µaIµ(−x, t) , µ = 0, 1 . (3.18)
Note that both the ZN invariant G and B deformations are even under the ZC2 defined
in (3.12). On the other hand, the G and B deformations are even and odd under Zcharge2 ,
respectively:
Zcharge2 : GIJ → +GIJ ,
BIJ → −BIJ .
(3.19)
This can also be seen by noting that both the G and B deformations are CP invariant but
the former is P even while the latter is P odd. Hence, the G deformation is C even and the
B deformation is C odd.
4 Deformation of the WZW Model
The SU(N)/U(1)N−1 sigma model with special parameters admits an alternative description
in terms of the SU(N) WZW model deformed by certain potential terms (top arrow in
Figure 1). In particular, we will restrict to the ZN symmetric choice of parameters discussed
in Section 3.2. The global symmetry of the flag sigma model is then
GUV = (PSU(N)× ZN)o ZC2 . (4.1)
GUV is embedded into the global symmetry GWZW of the WZW model via the deformation,
and they share the same anomaly. This embedding makes it manifest that the flow we
want to explore is at least kinematically possible as far as the anomaly is concerned. The
embedding of the CP1 sigma model (which is the N = 2 case of the flag sigma model) into
the SU(2)1 WZW model was discussed in [3]. The general N case was first discussed in [4].
Our discussion is slightly different. The anomaly in the SU(N) WZW model was discussed
in [4, 14,15].
Let U ∈ SU(N) be the fundamental field in the WZW model. The UV WZW model is
the group manifold sigma model plus a WZ term:
R
2
∫
M2
Tr [∂µU∂
µU †] +
i
12pi
k
∫
M3
Tr[(U †dU)3] , (4.2)
where M2 is the two dimensional spacetime and M3 is a three-manifold whose boundary is
M2, i.e. ∂M3 = M2. The coefficient k is quantized to be a positive integer. In the UV, the
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coupling constant R, which is the square of the size of the target space, is large and the
theory is approximately N2 − 1 free bosons. As we flow to the IR, the coupling R decreases
and eventually hit a fixed point at R = k
4pi
, which defines the WZW CFT [2].
4.1 Global Symmetry
Let us analyze the global symmetry of the WZW model. For generic N , the global symmetry
is SU(N)L×SU(N)RZN o Z
C
2 , where the ZC2 acts as U → U∗. The SU(N)L×SU(N)RZN flavor symmetry
acts on U as U → VLUV †R. Here VL ∈ SU(N)L and VR ∈ SU(N)R and they are subject to
the identification (VL, VR) ∼ (VLω, VRω) with ω = e2pii/N . We will pay special attention to
the subgroup (PSU(N)×ZN)oZC2 , where PSU(N) is the diagonal subgroup with VL = VR
and the ZN factor acts on U as U → ωU .
The global symmetry for N = 2 is different. The global symmetry of the SU(2) WZW
model is SU(2)L×SU(2)RZ2 , which contains a subgroup PSU(2)× Z2. The Z2 acts on the WZW
fundamental field U as U → −U . Notice that U → U∗ is included in PSU(2).11
To summarize, the global symmetry GWZW of the SU(N) WZW model is
SU(2) : GWZW =
SU(2)L × SU(2)R
Z2
⊃ PSU(2)× Z2 , (4.3)
SU(N) : GWZW =
SU(N)L × SU(N)R
ZN
o ZC2 ⊃ (PSU(N)× ZN)o ZC2 , N > 2 ,
(4.4)
where we have highlighted a particular subgroup on the right that will be of importance.
Let us also translate the action of the two Z2 symmetries (3.12) and (3.18) discussed in
Section 3.3 in terms of the WZW fundamental field U :
ZC2 : U(x, t)→ U(x, t)∗ , CP : U(x, t)→ U(−x, t)T . (4.5)
4.2 Deformation to the Flag Sigma Model
We now discuss the deformation of the UV WZW model to the flag sigma model, illustrated
in the top line in Figure 1. The main point is that the flag manifold is a subspace of the
WZW model target space SU(N). We look for a potential as a function of U , which is
11 To see this, let us parameterize the fundamental field U ∈ SU(2) as U =
(
a b
−b¯ a¯
)
, |a|2 + |b|2 = 1. The
action U → U∗ is included in PSU(2) as U →
(
0 1
−1 0
)
U
(
0 −1
1 0
)
= U∗.
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invariant under GUV and restricts U to take values in that subspace.
12 Starting from the
UV WZW model (4.2), we turn on the potential:
bN/2c∑
n=1
gn Tr[U
n]Tr[(U †)n] . (4.6)
Note that we only sum the power of U up to bN/2c, instead of N − 1.13 This potential term
preserves the diagonal PSU(N) as well as the ZN symmetry. If we send gn → +∞, the
above potential restricts the fundamental field U to satisfy
Tr[Un] = 0 , n = 1, 2, 3, · · · , N − 1 . (4.7)
It is obvious that the traces with n = 1, 2, · · · , bN/2c are forced to vanish by the potential.
In Appendix A we further show that this also implies the vanishing of Tr[Un] with n =
bN/2c+ 1, · · · , N − 1. For any such U , the characteristic polynomial reduces to
det(λI − U) = λN − 1
N
Tr[UN ] (4.8)
It follows that the N eigenvalues are the distinct N -th roots of unity multiplied by an overall
constant. The overall constant is fixed by detU = 1 so that the eigenvalues are:
ω−(N−1)/2 (1, ω, ω2, · · · , ωN−1) (4.9)
To conclude, we turn on the potential (4.6) to restrict the WZW fundamental field U to
satisfy (4.7). This means that
U = φΩ0 φ
† ,
Ω0 = ω
−(N−1)/2diag(1, ω, ω2, · · · , ωN−1) , (4.10)
where ω = e2pii/N and φ ∈ U(N). More explicitly, U ji =
∑
I,J φ
I
i (Ω0)
J
I φ¯
j
J . There are
redundancies in this parametrization: two different φ’s might give identical U , and should
12Generally, we can restrict the field of the sigma model on a manifold Y with isometry GY to take value in
a submanifold X ⊂ Y by turning on a potential V on Y satisfying V |X = 0 and V |Y \X > 0. For example, we
can choose V to be a positive constant away from X, and smoothly interpolate to zero on X. Furthermore,
we need the potential to be invariant under the subgroup GX of GY that stabilizes X. This can be achieved
by averaging V over the action of GX . This discussion guarantees that we can always find an appropriate
invariant potential. The construction (4.6) is a concrete realization of such a potential.
13Unlike [4], for N > 3 we extend the sum beyond n = 1.
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therefore be identified. The redundancy is U(1)N which acts on φ as
U(1)N : φ→ φ diag(eiα1 , · · · , eiαN ) . (4.11)
Hence, the distinct φ’s take values in U(N)/U(1)N . We identify these φ’s with the fields in
the description of the model presented in Section 2.1.
Let us discuss how the global symmetries act both in terms of the flag sigma model field
φ and the WZW fundamental field U . The PSU(N) symmetry acts on φIi as φ
I
i → V ji φIj
with V ∈ PSU(N). The WZW fundamental field U is related to φ as U = φΩ0φ†. Hence,
the PSU(N) symmetry indeed translates into the diagonal subgroup of SU(N)L×SU(N)RZN in
the WZW model that acts on U as U → V UV †.
The ZN global symmetry, on the other hand, acts on the φ’s as cyclic permutation (3.3),
while it acts on U as ZN : U → ωU .
In Appendix B we will enumerate the number of PSU(N) and PSU(N)× ZN invariant
deformations of the flag sigma model in terms of the WZW fundamental field U . This
reproduces the counting from the original Lagrangian (2.12) in terms of φIi in Section 2.1
and in Section 3.2.1.
4.2.1 The WZW Action
Below we will substitute (4.10) into the WZW Lagrangian (4.2) and rewrite the Lagrangian
in terms of φIi . In particular we will discuss how the Wess-Zumino term in the WZW model
reduces to the θ-angle terms plus the B deformation terms. This was done in [4] and we
repeat the calculation here for readers’ convenience.
In this section we will assume a more general Ω0 matrix than the one (4.10) that is
relevant for the ZN symmetric flag manifold SU(N)/U(1)N−1. We will take
Ω0 = diag(e
iϕ1 , eiϕ2 , · · · , eiϕN ) . (4.12)
For the SU(N)/U(1)N−1 case, ϕI = −2piN+12N + 2pi IN . This generalization will be useful in
Section 7 when we talk about more general flag manifolds.
Using (4.10), the kinetic term of the WZW action (4.2) can be easily computed as:
R
2
Tr [∂µU∂
µU †] = R
∑
I,i
∂µφ
I
i ∂
µφ¯iI −R
∑
I,J
eiϕI−iϕJ
(∑
i
φJi ∂µφ¯
i
I
)(∑
j
φ¯jJ∂
µφIj
)
. (4.13)
Let us proceed to compute the WZ term. We will take M3 = M2 × I where I = [0, 1] is
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an interval. This choice of the three-manifold will prove to be computationally convenient.
However, the boundary of M3 consists of two copies of M2, instead of one. To remedy this,
we will consider a field extension such that only one of the two boundaries contributes.
Let us denote the coordinates on M2 by z, z¯, and the coordinate on I as y ∈ [0, 1]. Since
the WZ action (after exponentiation) doesn’t depend on the extension, we will proceed our
calculation with a particular choice:
U(z, z¯, y) = φ(z, z¯)Ω(y)φ(z, z¯)† , (4.14)
where
Ω(y) = diag(eiϕ1(y), eiϕ2(y), · · · , eiϕN (y)) ,
ϕI(0) = ϕI , ϕI(1) = 0 ,
(4.15)
such that Ω(0) = Ω0, Ω(1) = I, and Ω(y)
†Ω(y) = I. We will also extend Ω(y) in a way that
det Ω(y) = 1 so that U(z, z¯, y) is in SU(N). Note that even though such an extension of U
does not minimize the potential (4.6) in the bulk of M3, it does not affect the WZ action
since the latter is insensitive to the extension as long as the boundary values are unchanged.
The extended U has the property that at y = 0, it reduces to the original field configuration
(4.10), while on the other end it reduces to the identity matrix:
U(z, z¯, y = 0) = U(z, z¯) = φΩ0φ
† ,
U(z, z¯, y = 1) = I .
(4.16)
Since U reduces to the identity matrix on the other end y = 1, the WZ term will only receive
contribution from one copy of M2 located at y = 0. Another way to say this is that since
U(z, z¯, y = 1) is a constant for all z, z¯, we can effectively compactify that boundary to a
point.
Let us proceed to the actual calculation by substituting (4.14) into the second term of
(4.2). First we note that U †dU = φΩ†φ†dφΩφ† + φΩ†dΩφ† + φdφ†. To compute the WZ
term, since only the factor Ω(y) depends on the y-direction, we need to have exactly one
factor of dΩ when taking the cubic power of U †dU . We have
Tr[(U †dU)3] = 3Tr[−Ω†dΩdφ†dφ− dΩΩ†dφ†dφ− dΩφ†dφΩ†φ†dφ+ dΩ†φ†dφΩφ†dφ] (4.17)
The first two terms give us the θ-terms at the ZN symmetric configuration:
i
12pi
(−6ki)
∫
M2
∑
I,i
µν∂µφ¯
i
I∂νφ
I
i
∫ ϕI(0)
ϕI(1)
dϕI(y) =
k
2pi
∫
M2
∑
I
ϕI
µν
∑
i
∂µφ¯
i
I∂νφ
I
i . (4.18)
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Note that the WZ term is indeed independent of the extension ϕI(y) to the three-manifold
M3 but only depends on the boundary values ϕI(0). In the case of SU(N)/U(1)
N−1, ϕI =
−2piN+1
2N
+ 2pi I
N
, we obtain the ZN symmetric θ angles in (3.4) with n = k:
θI = θ0 + k
2piI
N
, I = 1, 2, · · · , N , (4.19)
where θ0 = −2pikN+12N . As noted below (3.4), any n with gcd(n,N) = k is related to (4.19)
by a field redefinition. Therefore the ZN -symmetric flag sigma model with any such n can
be embedded into the SU(N)k WZW model.
The last two terms in (4.18) give us the B deformation terms:
i
12pi
(−3ki)µν
∑
I 6=J
∫ ϕI(0)
ϕI(1)
dϕI(y)(e
iϕI(y)−iϕJ (y) + e−iϕI(y)+iϕJ (y))
∑
i,j
∫
M2
φ¯iI∂µφ
J
i φ¯
j
J∂νφ
I
j
= − k
4pi
∑
I 6=J
sin(ϕI(0)− ϕJ(0)) µν
∫
M2
(∑
i
φJi ∂µφ¯
i
I
)(∑
j
φ¯jJ∂νφ
I
j
)
, (4.20)
where we have used ϕI(1) = 0 for all I = 1, · · · , N . In the case of SU(N)/U(1)N−1, this gives
BIJ = − k4pi sin(2pi(I−J)N ). Again the WZ term is independent of how ϕI(y)’s are extended to
M3, but only depends on the boundary values ϕI(0).
4.3 Symmetry-Preserving Relevant Deformations
In Section 4.2 we have discussed the deformation of the UV WZW model to the flag sigma
model and how the global symmetry GUV is embedded into the WZW symmetry GWZW
(the top line in Figure 1). This embedding makes the flow from the flag sigma model to the
WZW model kinematically possible. Next, we discuss the behavior around the IR WZW
point (bottom of Figure 1) and examine the relevant deformations there. If there is no GUV -
preserving relevant deformations at the WZW CFT, then it is likely that the flow from the
sigma model will hit the WZW fixed point without fine-tuning. We will see that it is indeed
the case for the proposed flow from the SU(N)/U(1)N−1 sigma model with θI = n2piIN and
gcd(n,N) = 1 to the SU(N)1 WZW model.
The WZW CFT has the marginal operator
∑dimG
a=1 j
aj¯a, where ja and j¯a are the holo-
morphic and antiholomorphic currents. Other than that, only a current algebra primary
operator can be relevant or marginal, since the descendants are necessarily irrelevant. Since
we only care about operators that are invariant under PSU(N), the group indices of the
current algebra primaries are always understood to be contracted between the left and the
right to preserve this diagonal PSU(N).
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A current algebra primary of the theory is labeled by a representation R of su(N) and
will be denoted by OR. The allowed representations R in the SU(N)k WZW model are
those whose sum of the Dynkin labels are less than or equal to k.
For k ≥ 2, the WZW CFT always has a relevant primary operator OAdj. It is invariant
under the center ZN and the charge conjugation ZC2 . Hence, it is a GUV -preserving relevant
deformation in the SU(N)k WZW model with k ≥ 2 [3,16]. The physical consequence is that
at least one fine-tuning is necessary to hit the SU(N)k WZW fixed point with k ≥ 2 along
a flow from the flag sigma model. In fact, for k ≥ 2 and gcd(k,N) = 1, it was conjectured
that the SU(N)k WZW model perturbed by OAdj flows to the SU(N)1 WZW model in the
IR [17].
Let us restrict to the k = 1 case because of the above reason. The nontrivial primaries
are OΛ`N for ` = 1, 2 · · · , N − 1, where Λ`N is the `-th antisymmetric power of the fun-
damental representation N. In particular, the theory does not have OAdj. Note that the
complex conjugation Λ`N of Λ`N is equivalent to ΛN−`N and hence OΛ`N = OΛN−`N. The
holomorphic conformal weight h` of the primary OΛ`N is
h` =
`(N − `)
2N
. (4.21)
In the diagonal SU(N)1 WZW CFT, the primary OΛ`N is relevant if h` < 1. The relevant
and marginal primary operators in SU(N)1 WZW CFT are listed in Table 1.
Next, we discuss how the ZN symmetry acts on these PSU(N)-invariant operators. The
importance of this ZN symmetry in the SU(N) WZW model has been emphasized in [6].
Since the ZN generator acts on the fundamental representation N a phase e2pii/N , it acts
on the rank ` antisymmetric tensor representation Λ`N by a phase e2pii`/N , so does the
corresponding primary O`. Hence, there is no GUV -invariant relevant deformation in the
SU(N)1 WZW CFT. This suggests that the flag sigma model with θI = n
2piI
N
and gcd(n,N) =
1 can flow to the SU(N)1 WZW model without fine-tuning.
In Section 7.1, we will discuss more general flag sigma model whose global symmetry
does not contain ZN , but a subgroup thereof. In Table 1, the subgroups of ZN that can be
used to exclude all the relevant and marginal operator in the SU(N)1 WZW CFT are also
listed.14 When we further impose the charge conjugation symmetry ZC2 : U → U∗, only the
sum of a primary and its conjugate is allowed to be turned on.
14When (N, `) = (8, 4), (9, 3), (9, 6), the primaries OΛ`N are marginal (but not exactly marginal). If the
marginal deformations are marginally irrelevant in a (codimension zero) region around the CFT point, it is
sufficient to only exclude the relevant operators to reach the WZW CFT, and the minimal subgroups are Z4
and Z3 for N = 8 and 9, respectively.
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N relevant or marginal O` Zr ⊆ ZN
N ≤ 7 O` for 1 ≤ ` ≤ N − 1 ZN
8 O1,O2,O3, [O4],O5,O6,O7 Z8
9 O1,O2, [O3], [O6],O7,O8 Z9
N ≥ 10 O1,O2,ON−2,ON−1 Any subgroup other than Z2 and {1}
Table 1: Relevant and marginal deformations in the SU(N)1 WZW CFT. Marginal operators
are in the square brackets. The operator OΛ`N is abbreviated as O`, and we have O` = ON−`.
The third column shows the subgroups of the center ZN in (4.3) or (4.4) under which all the
relevant and marginal primary operators transform nontrivially.
5 Renormalization Group Flow
5.1 The General Flow
The SU(N) invariant metric on SU(N)/U(1)N−1 can be parameterized by the rI ’s and
the GIJ ’s, subject to the redundancy rI → rI + cI and GIJ → GIJ − cI − cJ . We can
remove the redundancy by setting all the rI ’s to be zero. Similarly, the SU(N) invariant
B-field deformations are parameterized by the θI ’s and the BIJ ’s, subject to the redundancy
θI → θI + 2pibI combined with BIJ → BIJ − bI − bJ . We again remove the redundancy by
setting all the θI ’s to be zero.
The SU(N) invariant metric and theB-field for the non-linear sigma model on SU(N)/U(1)N−1
are then parameterized by N(N−1)
2
GIJ ’s and
N(N−1)
2
BIJ ’s, respectively, with 1 ≤ I < J ≤ N .
In this section we will write down the one-loop beta functions for both GIJ and BIJ .
Consider a general non-linear sigma model with Lagrangian
1
2
∑
a,b
(gab(X)δ
µν + ibab(X)
µν)∂µX
a∂νX
b (5.1)
where gab(X) and bab(X) are the metric and the B-field on the target space, respectively.
Here, a, b, c are the indices of the tangent bundle on the target space. Xa’s are the (real)
coordinates on the target space. The one-loop beta functions of a general non linear sigma
model with metric gab and bab are [18–20]
d
d log µ
gab =
1
2pi
Rab − 1
8pi
Ha
cdHbcd + · · · ,
d
d log µ
bab = − 1
4pi
∇cHcab + · · · ,
(5.2)
where Rab is the Ricci tensor associated to gab, ∇ is the covariant derivative (for the affine
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connection), and the field strength Habc is defined by
Habc = ∂abbc + ∂cbab + ∂bbca . (5.3)
The · · · represent correction from higher-loop contributions in the sigma model. To use
these formula, we need to explicitly know the metric gab and the bab on the flag manifold as
functions of GIJ and BIJ . We expand the φ field as
φIi = 1 + iΘ
I
i −
1
2
∑
k
ΘIkΘ
k
I + i
1
6
∑
k,l
ΘIkΘ
k
l Θ
l
i +O(Θ4). (5.4)
φ being unitary implies that Θ is hermitian, (ΘiI)
∗ = ΘIi . We use the U(1)
N−1 gauge
ΘII = 0 for all I . (5.5)
It follows that ΘIi with I > i forms N(N − 1)/2 complex coordinates of the flag manifold
around the origin. A pair (I, i) can be thought as an index of the coordinates ΘIi , and its
complex conjugate index (I, i) is identified with (i, I). Substituting the expansion (5.4) into
(2.11) (with rI = θI = 0), we get the linearized Lagrangian
1
2
∑
I 6=i,J 6=j
(g(I,i),(J,j)(Θ)δ
µν + b(I,i),(J,j)(Θ)
µν)∂µΘ
I
i ∂νΘ
J
j , (5.6)
where the the metric g(I,i),(J,j)(Θ) and the B-field b(I,i),(J,j)(Θ) are functions of the coordinates
ΘIi and GIJ , BIJ that can be explicitly computed up to a given order of Θ. Notice that
g(I,i),(J,j) = g(i,I),(j,J) and b(I,i),(J,j) = −b(i,I),(j,J).15 In particular, the metric and the B-field
at the origin ΘIi = 0 is
g(I,i),(J,j)(0) =
{
GIJ if i = J, j = I ,
0 otherwise ,
b(I,i),(J,j)(0) =
{
−BIJ if i = J, j = I ,
0 otherwise .
(5.7)
To compute the beta functions (5.2) at Θ = 0, it is sufficient to expand φ up to the third
order in Θ, since the beta functions includes two derivatives.16 For N = 3, 4, an explicit
15Note that b(I,i),(J,j) is real and the second term in (5.6) is purely imaginary in Euclidean signature as it
should be. There is no i in front of b(I,i),(J,j)(Θ) because our coordinates Θ
I
i ’s are not real.
16In fact it suffices to expand to second order, since the third order can be absorbed by a coordinate
change. However we keep the third order here for clarity.
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computation (with the help of Mathematica) shows
R(I,J),(J,I)(Θ = 0) = N +
1
2
∑
K 6=I,J
(
G2IJ
GIKGJK
− GIK
GKJ
− GJK
GIK
)
,
∑
K,k
∇(K,k)H(K,k),(I,J),(J,I)(Θ = 0) = 2
∑
K 6=I,J
GIJ(BIJ −BIK −BKJ)
GIKGJK
,
(5.8)
and we conjecture the above form for all N . In fact, the Ricci tensor for the SU(N) invariant
metric on the flag manifold SU(N)/U(1)N−1 was derived in [21] and [22] , which agrees with
(5.9).
Therefore, from (5.2), (5.7), (5.8), we obtain the one-loop beta functions of GIJ and BIJ
d
d log µ
GIJ =
1
2pi
[
N +
1
2
∑
K 6=I,J
(
G2IJ
GIKGJK
− GIK
GKJ
− GJK
GIK
)]
+ · · · , (5.9)
d
d log µ
BIJ =
1
2pi
∑
K 6=I,J
GIJ(BIJ −BIK −BKJ)
GIKGJK
+ · · · . (5.10)
The · · · in the first line contains the H2 term in the one-loop beta function (5.2). In the
following we will study the RG flow in the large volume limit, where theH2 term is suppressed
by powers of 1/G.
5.2 ZN Invariant Flow of GIJ
Let us consider the special case when all the GIJ ’s are identical:
GIJ = G0 , BIJ = 0 , ∀ I, J . (5.11)
This locus preserves the SN symmetry that acts on the I, J indices. G0 is the modulus for
the overall volume of the manifold.
The Ricci flow equation for G0 on this SN invariant locus is
d
d log µ
G0 =
1
2pi
N + 2
2
. (5.12)
The one-loop beta function for G0 is positive as it should be. Indeed, as we go to higher
energy, the size G0 grows and the sigma model becomes weakly coupled.
Next, we consider a small perturbation δGIJ of GIJ around the SN invariant configuration
(5.11). To leading order in δGIJ/G0, the one-loop beta function for GIJ has an SN symmetry
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which will be used to organize our parameters. As commented in (3.1), the G deformations
transform in the Sym2(N− 1) representation of SN , which can be further decomposed into
1⊕ (N− 1)⊕ N(N− 3)
2
. (5.13)
The trivial irrep 1 is the overall volume G0, while the perturbation δGIJ can be decomposed
into the other two irreducible representations. By the SN symmetry, the one-loop beta
function for δGIJ must take the form
d
d log µ
δGIJ = gR
δGIJ
G0
+ · · · , δGIJ ∈ R (5.14)
to this order in the expansion of δGIJ/G0, where R is one of the latter two irreps in (5.13).
Importantly, the constant gR only depends on which irrep δGIJ belongs to, but not on
the specific component of δGIJ . This symmetry argument greatly simplifies the analysis
to determining only two constants gR at this order. Similarly from the SN symmetry, the
correction to the flow (5.12) can only arise at order (δGIJ/G0)
2.
We would like to further restrict ourselves to the ZN (which is a true symmetry non-
perturbatively) invariant flows. This amounts to identifying the trivial ZN representations
in the decomposition of the SN irreps in (5.13) into ZN irreps.
The trivial SN irrep 1 obviously descends to the trivial ZN irrep, which is the overall
volume modulus G0. The standard SN irrep N− 1, on the other hand, does not contain any
ZN invariant. It follows that all the remaining bN2 c − 1 nontrivial ZN invariants come from
the SN irrep N(N−3)2 . The flow of these ZN invariant δGIJ is completely determined by a
single constant gN(N−3)
2
in (5.14).
We will determine this constant gN(N−3)
2
below. Since all the nontrivial ZN invariant G
deformations belong to a single irreducible SN representation, it suffices to turn on one such
deformation and set the others to be zero. For example, we will choose (see Section 3.2.1)
G12 = G23 = · · · = GN1 = G0 + δG ,
GIJ = G0 − 2
N − 3δG , for all other GIJ ,
(5.15)
in such a way that the average of GIJ is G0. Let us substitute the above GIJ into the
one-loop beta function (5.9) with I = 1, J = 2 and expand to leading order in δG/G0:
d
d log µ
(G0 + δG) =
1
2pi
N + 2
2
+
1
2pi
(N − 1)δG
G0
+O
(
δG2
G20
)
(5.16)
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Since the flow (5.12) of G0 is corrected only at the order of δG
2/G20, we have
d
d log µ
δG =
1
2pi
(N − 1)δG
G0
+ · · · . (5.17)
That is, gN(N−3)
2
= N−1
2pi
.
The physical coupling is not δG, but the ratio
δ˜Ga ≡ δGa
G0
. (5.18)
There are several ways to see this combination is the physical coupling constant we should
be interested in. From the Lagrangian point of view, this is the coupling constant when
we canonically normalize the field. From the geometric point of view, this is the relative
“ripple” of the metric normalized with respect to the overall size G0 of the manifold.
The one-loop beta function for the relative G deformation δ˜G = δG/G0 is then
d
d log µ
δ˜G =
1
2pi
(
N − 1− N + 2
2
)
δ˜G
G0
+ · · · = 1
2pi
N − 4
2
δ˜G
G0
+ · · · , (N ≥ 4) . (5.19)
Recall that for N = 3 the only Z3 invariant G deformation is the overall volume, and there
is no δG to talk about. For N = 4 the one-loop beta function vanishes at leading order in
δG/G0. The next contribution will come from two-loop diagrams, which are of order 1/G
2
0.
For N > 4, the beta function of δ˜G is negative, meaning to leading order around the large
volume point, the “ripple” δ˜G decreases when we flow to the IR and hence is irrelevant.
5.3 ZN Invariant Flow of BIJ
Consider a small perturbation of BIJ around the SN invariant configuration (5.11). We will
again use the SN symmetry to constrain the flow. As stated in (3.2), the B deformations
transform in the SN representation:
(N− 1)⊕ (N− 1)(N− 2)
2
. (5.20)
The SN symmetry constrains the one-loop beta function for BIJ to take the form
d
d log µ
BIJ = bR
BIJ
G0
+ · · · , BIJ ∈ R (5.21)
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where the constant bR only depends on which one of the two SN irreps in (5.20) BIJ belongs
to, but not on the specific component.
We now further impose the ZN symmetry. Since the SN irrep N− 1 does not contain any
ZN invariant, all bN/2c ZN invariant B deformations belong to the SN irrep (N−1)(N−2)2 =
Λ2(N− 1). Let us determine b (N−1)(N−2)
2
below.17
As discussed in Section 3.2.1, the ZN invariant B-deformations are
Ba = B1,a+1 = B2,a+2 = · · · = BN−a,N = BN−a+1,1 = · · ·BN,a, (5.22)
for a = 1, · · · , N − 1. Only bN
2
c of them are independent since Ba = −BN−a. Using (5.10)
with GIJ = G0, we have
d
d log µ
Ba =
1
2piG0
∑
K 6=1,1+a
(B1,1+a −B1K −BK,1+a) = N
2pi
Ba
G0
. (5.23)
That is, b (N−1)(N−2)
2
= N
2pi
.
The physical coupling is not Ba but B˜a ≡ G−3/20 Ba. To see this, we note that B is the
coefficient of a three-form flux H on the target space. H integrates to an order one number
on the target space, i.e.
∫
d3φH ∼ 1. Hence, the true coupling is B divided by the cubic
power of the radius (note that G0 is proportional to the radius square on the target space).
The flow equation for the physical coupling B˜a = G
−3/2
0 Ba is
d
d log µ
B˜a =
B˜a
2piG0
(
N
4
− 3
2
) + · · · , (5.24)
which is irrelevant for N > 6. The · · · represents higher-loop corrections to the beta func-
tion.18
6 SU(3)/U(1)2
In this section we focus on the special case SU(3)/U(1)2 sigma model, which was studied
extensively in [1, 7].
17More precisely, the θI ’s transform in N− 1, which does not have a ZN invariant. Yet, because of their
2pi-periodicity, they do have ZN invariant values, which we use heavily. However, since θI do not affect the
perturbative behavior of our theory, they can be ignored in this discussion.
18We thank I. Affleck and M. Lajko for discussions on the beta function of B˜a.
31
6.1 The Lagrangian
We start with the most general Lagrangian (2.12) without aI , but before eliminating φ
3
i .
3∑
I=1
(
rI
(∑
i
|∂φIi |2 − |
∑
i
φ¯iI∂φ
I
i |2
)
+
θI
2pi
µν
∑
i
∂µφ
I
i ∂νφ¯
i
I
)
+
∑
1≤I<J≤3
(GIJδ
µν +BIJ
µν)
(∑
i
φIi ∂µφ¯
i
J
)(∑
j
φ¯jI∂νφ
J
j
)
. (6.1)
We can rewrite the Lagrangian by substituting
φ3i = e
iαΦi
Φi ≡
∑
jk
ijkφ¯
j
1φ¯
k
2 , (6.2)
with some phase α, which is related to detφ = eiα. With this we find (using (2.4))
∂α +
3∑
I=1
aI = 0 , (6.3)
and therefore we can choose the gauge α = 0 and remain with U(1)2 gauge freedom in the
phases of φIi with I = 1, 2. In the following we will replace φ
3
i by
φ3i =
∑
jk
ijkφ¯
j
1φ¯
k
2 . (6.4)
We use
∑
i
|∂φ3i |2 − |
∑
i
φ¯i3∂φ
3
i |2 =
2∑
I=1
(∑
i
|∂φ¯iI |2 − |
∑
i
φ¯iI∂φ
I
i |2
)
− 2
∑
jk
φ¯k2φ
2
j∂φ¯
j
1∂φ
1
k
µν
∑
i
∂µφ
3
i∂νφ¯
i
3 = −µν
2∑
I=1
∑
i
∂µφ
I
i ∂νφ¯
i
I
(
∑
i
φ3i∂µφ¯
i
I)(
∑
j
φ¯j3∂νφ
I
j ) =
∑
i
∂µφ¯
i
I∂νφ
I
i −
2∑
J=1
∑
ij
φJi ∂µφ¯
i
I φ¯
j
J∂νφ
I
j (6.5)
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to write (6.1) as
2∑
I=1
(
(rI + r3 +GI3)
(∑
i
|∂φIi |2 − |
∑
i
φ¯iI∂φ
I
i |2
)
+
θI − θ3 + 2piBI3
2pi
µν
∑
i
∂µφ
I
i ∂νφ¯
i
I
)
+ ((G12 −G13 −G23 − 2r3)δµν + (B12 −B13 +B23)µν)
(∑
i
φ1i∂µφ¯
i
2
)(∑
j
φ¯j1∂νφ
2
j
)
.
(6.6)
This indeed shows that some of the coefficients in (6.1) are redundant. The Lagrangian
does not change under rI → rI + cI combined with GIJ → GIJ − cI − cJ , so we can set
GIJ = 0. Similarly, the Lagrangian does not change under θI → θI + 2pibI combined with
BIJ → BIJ − bI + bJ , so we can set some of them to zero, e.g. θ3 = BI3 = 0. We conclude
that we can write (6.1) as
2∑
I=1
(rI + r3)
(∑
i
|∂φIi |2 − |
∑
i
φ¯iI∂φ
I
i |2
)
+
2∑
I=1
θI
2pi
µν
∑
i
∂µφ
I
i ∂νφ¯
i
I
− (2r3δµν −B12µν)(
∑
i
φ1i∂µφ¯
i
2)(
∑
j
φ¯j1∂νφ
2
j) . (6.7)
However, in this form some of the global symmetries at special values of the parameters are
not manifest.
If we impose the Z3 symmetry, the parameters are restricted to rI = 0, G12 = G23 =
G31 = G0, B12 = B23 = B31 = B, and θI = 2pinI/3 as in (3.4). Using the redundancy
rI → rI + cI combined with GIJ → GIJ − cI − cJ , we can alternatively set GIJ = 0
and r1 = r2 = r3 = G0/2 at the Z3 symmetric point. The Z3 symmetric Lagrangian is
parameterized by G0, B, and n = 0, 1, 2:
3∑
I=1
(
G0
2
(∑
i
|∂φIi |2 − |
∑
i
φ¯iI∂φ
I
i |2
)
+
θI
2pi
µν
∑
i
∂µφ
I
i ∂νφ¯
i
I
)
+B
3∑
I=1
µν
(∑
i
φIi ∂µφ¯
i
I+1
)(∑
j
φ¯jI∂νφ
I+1
j
)
, with θI =
2piIn
3
.
(6.8)
Our parameters G0 and B are related to the g and λ in [1] as G0 = 1/g and B = λ/(2pi).
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6.2 Renormalization Group Flow
6.2.1 Z3 Invariant Flow
Let us impose the Z3 symmetry and set G0 = G12 = G23 = G13 and B = B12 = B23 = B31.
From the one-loop beta functions (5.9) and (5.10), we obtain
d
d log µ
G0 =
5
4pi
+ · · · , (6.9)
d
d log µ
B =
3
2pi
B
G0
+ · · · , (6.10)
and the flow equation for the physical coupling B˜ = G
− 3
2
0 B is
d
d log µ
B˜ = − 3
8pi
B˜
G0
, (6.11)
which means that B˜ is relevant at one-loop.
6.2.2 Away from the Z3 Symmetric Point
Here we discuss the renormalization group flows of GIJ near the Z3 symmetric point G0 ≡
G12 = G23 = G13. In fact at this point the one-loop beta function of GIJ even enjoys a
bigger S3 symmetry that will be useful below.
The one-loop beta functions (5.9) for GIJ in the N = 3 case are:
d
d log µ
G12 =
1
2pi
[
3 +
1
2
(
G212
G13G23
− G13
G23
− G23
G13
)]
+O(1/GIJ) ,
d
d log µ
G23 =
1
2pi
[
3 +
1
2
(
G223
G13G12
− G12
G13
− G13
G23
)]
+O(1/GIJ) ,
d
d log µ
G13 =
1
2pi
[
3 +
1
2
(
G213
G23G12
− G12
G23
− G23
G23
)]
+O(1/GIJ) ,
(6.12)
Let us move away from S3 symmetric point by expanding GIJ as
G12 = G0 + δG1 ,
G23 = G0 + δG2 , (6.13)
G13 = G0 − δG1 − δG2 ,
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with δGa  G0. Note that these deformations not only break the S3 symmetry, but also
the Z3 symmetry. Under S3, G0 is in the trivial representation 1 while δG1, δG2 are in the
doublet 2. The one-loop renormalization group flows to leading order in O(δGa/G0) are
d
d log µ
G0 =
5
4pi
+O
(
1
G0
,
(
δGa
G0
)2)
, (6.14)
d
d log µ
δGa =
3
4pi
δGa
G0
+O
(
1
G0
,
(
δGa
G0
)2)
, a = 1, 2 , (6.15)
where the correction terms come from both the higher loop contributions suppressed by pow-
ers of 1/G0 as well as higher order terms in the small deviation δGa/G0. Let us understand
the above beta functions using the S3 symmetry. First note that 2⊗2 = 1⊕1′⊕2 where 1′
is the singlet representation that is odd under the odd permutations. Since G0 is in the 1 of
S3, the δGa/G0 correction can only arise at quadratic order to make a 1 out of two 2’s. On
the other hand, since δGa is in the 2, its beta function to leading order must be proportional
to itself.
The beta function of δ˜Ga is
d
d log µ
δ˜Ga = − 1
2pi
1
G0
δ˜Ga + · · · . (6.16)
This means that the relative metric δ˜Ga deviated from the Z3 symmetric point is relevant
under the flow.
This behavior is consistent with what we saw earlier about the ZN violating deformations
of the IR WZW model.
7 General Flag Manifolds
7.1 General Considerations
Following the strategy in the previous sections, below we give a general discussion on flag
manifold sigma models, both encompassing the well-known CPN−1 model and extending the
analysis to more general flag manifolds. Consider the flag manifold
MN1,N2,··· ,Nm =
U(N)
U(N1)× U(N2)× · · ·U(Nm) ,
m∑
I=1
NI = N . (7.1)
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The case NI = 1 for all I reduces to the flag manifold that was discussed in the previous
sections. The case N1 = 1 and N2 = N − 1 is the CPN−1 model.
The sigma model on (7.1) can be constructed in a similar way as in Section 2.1 using
N × N complex scalar fields φIi subject to the unitarity constraint (2.1) and the U(N1) ×
U(N2) × · · · × U(Nm) gauge symmetry. The model has m − 1 θ-angles, and also various
rI , GIJ , BIJ parameters as in (2.12). In the case of SU(N)/U(1)
N−1, each rI , GIJ , and BIJ
term is individually gauge invariant. For the more general flag manifold (7.1), only certain
linear combinations of them are gauge invariant.
The continuous global symmetry of the model is PSU(N), which acts on the i index
of φIi . When the θ angles are either 0 or pi, there is discrete symmetries including the Z2
global symmetry that maps φIi → φ¯iI and aI → −a∗I . If some of the NI ’s are identical, we
might also have an enhanced discrete symmetry for some special choices of the parameters.
For example, in the case of SU(N)/U(1)N−1, we have a ZN global symmetry that cyclically
permutes the U(1)’s when the parameters are chosen at the ZN symmetric configuration as
discussed in Section 3.2.
After giving a basic description of the sigma model, we then ask whether for special
choice of the parameters, this sigma model can flow to a gapless phase. In two-dimensional
unitary compact CFT, continuous global symmetry always enhances to a full-fledged current
algebra. Hence the most natural candidate for the gapless phase is the SU(N)k WZW model.
We review our strategy to analyze this putative flow from the sigma model to the WZW
model:
1. First, we look for a deformation of the UV WZW model by certain potentials to restrict
the fundamental field U to to take values in the flag MN1,N2,··· ,Nm .19 This restriction
gives an embedding of the global symmetry GUV of the sigma model into the WZW
symmetry, i.e. GUV ⊂ GWZW . Furthermore, the anomaly, if any, must match in the
two theories. This procedure ensures that the flow is kinematically allowed.
2. Next, we ask the dynamical question. Using the embedding GUV ⊂ GWZW , we ask
whether the WZW CFT has any GUV -preserving relevant deformation that would take
us away from the fixed point. If yes, the flow would miss the WZW fixed point without
any fine-tuning. If no, there is a range of parameters the flow from the sigma model
can hit the fixed point.
Let us start with step 1. The more general flag manifold sigma modelMN1,N2,··· ,Nm , with
19See footnote 12 for a general construction of the required potential.
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special choices of the parameters, can be embedded into the SU(N)k WZW model as
U = φΩ0φ
† ,
Ω0 = diag(e
iα1 , · · · , eiα1︸ ︷︷ ︸
N1
, · · · , eiαm , · · · , eiαm︸ ︷︷ ︸
Nm
) ,
m∑
I=1
NIαI = 0 mod 2pi , αI 6= αJ if I 6= J ,
(7.2)
where U ∈ SU(N) is the fundamental field of the WZW model. The constraint on the sum
of αi’s is such that detU = 1. The angles αi’s have to be distinct so that φ and φV are
identified only when V ∈ U(N1)×· · ·×U(Nm). By substituting (7.2) into the WZW action,
we obtain the action (4.13), (4.18), and (4.20) in terms of the φ field.
We then proceed to step 2. Dynamically, there are generally symmetry-preserving rele-
vant operators in the SU(N)k WZW model that can be generated and take us away from
the fixed point. In this case, the flow generically misses the WZW fixed point without fine-
tuning. For example, the relevant deformations in the SU(N)1 WZW model are tabulated
in Table 1.
To forbid such a flow away from the fixed point, one would like to impose as much discrete
symmetry as possible, under which the relevant deformations are charged. In the case of
SU(N)/U(1)N−1 sigma model at special values of the parameters, we have a PSU(N)×ZN
symmetry that forbids the relevant deformations in the SU(N)1 WZW model. However, as
discussed in Section 4.3, for higher level k > 1, the symmetry PSU(N)× ZN is not enough
to remove some of the relevant deformations in the SU(N)k WZW model.
Below we first apply this strategy to the familiar CPN−1 sigma models and derive some
known results on the flows.
Next, we consider a special case of (7.1), but still more general than the flag manifold
SU(N)/U(1)N−1. Let N = rM where r,M ∈ N. Consider the flag manifold:
U(rM)
U(M)r
(7.3)
The r = 2 case is a Grassmannian. The r = N case is the flag manifold (1.2) studied in the
previous sections. We will argue that for N sufficiently large and r > 2, the sigma model
hits the SU(N)1 WZW CFT fixed point.
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7.2 CPN−1
Let us illustrate the above idea in the classic example of the CPN−1 model. We will discuss
how the global symmetry and anomalies of the CPN−1 model are embedded into the SU(N)1
WZW model. In this subsection we focus on the case when N > 2, while the case of CP1 is
more special and deserves a separate discussion in Section 7.3.
In the CPN−1 model, we have N complex scalar fields zi satisfying
N∑
i=1
|zi|2 = 1 . (7.4)
There is a U(1) gauge transformation acting on zI as
zi → eiλzi . (7.5)
There is also an SU(N) symmetry that rotates the different zi’s in the fundamental repre-
sentation. The center ZN coincides with the U(1) gauge symmetry, and should therefore be
excluded from the global symmetry. The continuous global symmetry of the CPN−1 model
is hence PSU(N).
Let us discuss the discrete symmetry. Consider the charge conjugation Zcharge2 that acts
as20
Zcharge2 : zi → z¯i , (7.6)
where bar denotes complex conjugation. Zcharge2 also flips the signs of the gauge field, and
hence that of the θ angle as well. It follows the CPN−1 model has a Zcharge2 charge conjugation
symmetry only when θ is either 0 or pi.
To summarize, at θ = 0 or pi, the global symmetry GUV of the CPN−1 with N > 2 model
is
CPN−1 : GUV = PSU(N)o Zcharge2 , N > 2 . (7.7)
Let us study the mixed anomaly between PSU(N) and the charge conjugation Zcharge2 ,
following a similar discussion in [12]. At θ = 0, there is no mixed anomaly. Let us restrict
to θ = pi from now on. As in Section 2.2, we turn on a PSU(N) background. With this
20We use the same notation as the Zcharge2 : φIi → φ¯iI symmetry (3.14) in the flag sigma model
SU(N)/U(1)N−1 because they reduce to the same symmetry in the case of CP1. We will come back to
this in Section 7.3.
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background, we can add to the Lagrangian a counterterm 2pi
N
pw2(P), where p is an integer
mod N . Under the Zcharge2 charge conjugation
(θ = pi, p) →
Zcharge2
(θ = −pi,−p) ∼ (θ = pi,−p+ 1) . (7.8)
We would like to impose p = −p+ 1 mod N for some choice of p. If this can be done, then
there is no anomaly. Otherwise there is a mixed anomaly between PSU(N) and Zcharge2 .
When N is odd, we can choose p = (N + 1)/2 such that the above configuration goes
back to itself. Hence there is no mixed anomaly when N is odd at θ = pi.
When N is even, however, there does not exist a choice of the counterterm p such that
the configuration is Zcharge2 invariant. This means that there is a mixed anomaly between
PSU(N) and Zcharge2 at θ = pi when N is even.
We now discuss how the global symmetry of the CPN−1 model can be embedded into
the SU(N)1 WZW model. To do this, we consider the following restriction of the WZW
fundamental field:21
U = φΩ0φ
† ,
Ω0 = e
iαdiag(1, eiβ, eiβ, · · · , eiβ) , (7.9)
where φ ∈ U(N). For U to be an element of SU(N), we need Nα + (N − 1)β = 0 mod
2pi. There is a U(1) × U(N − 1) gauge symmetry acting from the right of φ that leaves U
invariant. Therefore the distinct φ’s take value in U(N)
U(1)×U(N−1) = CP
N−1. We can use the
U(N − 1) gauge symmetry and the unitarity constraint to solve all the φIi ’s in terms of φI=1i .
The latter is identified as the zi coordinates discussed earlier:
zi = φ
I=1
i . (7.10)
We now substitute (7.9) into the WZ term as in Section 4.2.1 to determine the θ-angle
in the CPN−1 model
i
12pi
k
∫
M3
Tr[(U †dU)3] =
kα
2pi
∫
M2
µν
∑
i
∂µφ¯
i
1∂νφ
1
i +
k(β + α)
2pi
N∑
A=2
∫
M2
µν
∑
i
∂µφ¯
i
A∂νφ
A
i
− k
2pi
N∑
A=2
sin β µν
∫
M2
(∑
i
φ1i∂µφ¯
i
A
)(∑
j
φ¯jA∂νφ
1
j
)
. (7.11)
The Lagrangian takes the form of (2.12) with B1A = − k2pi sin β, θ1 = kα, and θA = k(β+α).
21See footnote 12 for a general construction of the required potential.
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Although the Lagrangian is the same as the flag manifold case with a special choice of the
parameters, now the φ fields are subject to the U(1) × U(N − 1) gauge symmetry instead.
We have the same redundancies of the parameters θI → θI + 2pibI combined with BIJ →
BIJ− bI + bJ , which follow from the constraint that φIi is unitary. Setting b1 = − k2pi sin β and
bA = 0, we can eliminate the BIJ term. The θ angles for the U(1) and U(N − 1) gauge fields
are then θU(1) = kα − k sin β and θU(N−1) = k(β + α). The physical θ-angle of the CPN−1
model is the difference between the above two, which is
θ = k(β + sin β) . (7.12)
Let us restrict to β = pi and k = 1 so that
Ω0 = e
iαdiag(1,−1,−1, · · · ,−1) . (7.13)
This choice describes the deformation of the SU(N)1 UV WZW model to the CPN−1 sigma
model at θ = pi. The angle α is then restricted to obey
α =
2`− (N − 1)
N
pi , (7.14)
for some integer `.
The charge conjugation Zcharge2 (7.6) in the CP
N−1 model acts on the coordinates φ as
φIi → φ¯iI . It is embedded into the WZW model as
Zcharge2 : φIi → φ¯iI ⇒ U → φ∗Ω0φT = e2iαU∗ . (7.15)
Since we have embedded the global symmetry of the CPN−1 model at θ = pi into the WZW
model with a restriction of the field, the anomaly, if exists, in the former theory must be
matched by that of the latter.
Let us take a closer look on this charge conjugation Zcharge2 when embedded into the WZW
model. When N is odd, we can choose α = 0 to satisfy (7.14), so the charge conjugation in
the CPN−1 model descends to U → U∗ in the WZW model. When N is even, we can choose
α = pi
N
. Zcharge2 descends to U → e2pii/NU∗ in the WZW model.22
In all cases above, the mixed anomaly (or the absence thereof) between the PSU(N) and
Zcharge2 in the CP
N−1 model at θ = pi are reproduced by the WZW model with the appro-
22In the special case when N = 2 mod 4, we can actually choose α = pi/2 so that Ω0 = (i,−i,−i · · · ,−i).
In this case Zcharge2 in the CP
N−1 model descends to U → −U∗. Recall that the global symmetry of the
WZW model contains a ZN o Z2. When N is even, there is a Z2 subgroup of the ZN that commutes with
the other Z2. The charge conjugation Zcharge2 is the diagonal of the above two Z2’s.
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priately identified Z2. However, for N > 2 there are GUV -preserving relevant deformations
in the SU(N)1 model that can take us away from the fixed point as can be seen from Table
1. Indeed, it is believed that for N > 2 the CPN−1 does not undergo a second order phase
transition.
7.3 CP1
The CP1 sigma model is at the intersection of two series of models, CPN−1 and SU(N)/U(1)N−1.
It is special relative to both generalizations and deserves a separate treatment. We will dis-
cuss its global symmetry and anomalies using three different representations:
1. The N = 2 case of CPN−1 (the zi fields).
2. The N = 2 case of SU(N)/U(1)N−1 (the φIi fields).
3. Deformation of the SU(2)1 WZW model (the U field).
We first remind the reader about the relations between the above three presentations.
The CPN−1 field zi is related to φIi via (7.10). In the N = 2 case, this becomes
φ =
(
φI=1i=1 φ
I=2
i=1
φI=1i=2 φ
I=2
i=2
)
=
(
z1 −z¯2
z2 z¯1
)
. (7.16)
The WZW fundamental field U is related to φ as (7.9)
U = φ
(−i 0
0 i
)
φ† . (7.17)
The PSU(2) continuous global symmetry acts on the three fields as, ~z → V ~z, φ → V φ,
U → V UV †, respectively.
There are various Z2 symmetries. In Section 3.2 we discuss a ZN=2 symmetry (3.3) in
SU(2)/U(1), which acts as
Z2 :
(
z1
z2
)
→
(−z¯2
z¯1
)
, φIi → φI+1i , U → −U . (7.18)
Also, we discuss a ZC2 symmetry (3.12) in Section 3.3 , which can be thought of as the charge
conjugation in the flag sigma model. It acts as
ZC2 ∈ PSU(2) :
(
z1
z2
)
→
(−z2
z1
)
, φIi → φ¯iN−I+1 , U → U∗ . (7.19)
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ZC2 is in fact an element of PSU(2) by choosing V =
(
0 −1
1 0
)
. Finally, from the perspective
of the CPN−1 model, we have Zcharge2 defined in (7.6), which acts on the three fields as
Zcharge2 = diag(ZC2 × Z2) :
(
z1
z2
)
→
(
z¯1
z¯2
)
, φIi → φ¯iI , U → −U∗ . (7.20)
Note that this is also the Zcharge2 in (3.14) we defined for the flag sigma model SU(N)/U(1)N−1.
It is the composition of (7.19) and (7.18).
Each Z2 above is natural from at least one perspective, but might seem ad hoc from
another. The Z2 in (7.18) has the distinguished feature that it commutes with PSU(2),
while the other two don’t since they involve a PSU(2) element.
CP1 sigma model is a perfect example illustrating that there is generally no canonical
choice of the charge conjugation symmetry. What might be called the charge conjugation in
one presentation might not even involve any complex conjugation in another presentation.
For example, while the ZC2 action on the φ field involves complex conjugation, its action on
zi does not.
To summarize the discussion so far, the CP1 sigma model at θ = 0, pi has global symmetry
CP1 : GUV = PSU(2)× Z2 = O(3) , (7.21)
where the Z2 is given in (7.18). For θ = pi it is embedded into the symmetry of the WZW
model as in (4.3).
As analyzed in Section 3.2, there is a mixed anomaly between the two factors in (7.21)
at θ = pi [12, 23]. On the other hand, there is no mixed anomaly between ZC2 and PSU(2)
because the former is an element of the latter and there is no pure anomaly of PSU(2).
So far we have embedded the global symmetry PSU(2) × Z2 of the CP1 sigma model
at θ = pi into the SU(2)1 WZW model and match the anomaly. Dynamically, we need to
ask if there is a symmetry-preserving relevant deformation in the WZW CFT that can take
us away from the fixed point. Unlike the N > 2 case, the only PSU(2)-invariant relevant
deformation O1 (in the notation of Section 4.3) in the 2 of SU(2) is odd under the Z2 (7.18),
and is therefore forbidden. Indeed, it is well-known that the CP1 sigma model at θ = pi does
flow to the SU(2)1 WZW model [3, 16,24].
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7.4 U(rM)/U(M)r
Let us move on to the more general flag manifold U(N)
U(M)r
(7.3) with N = rM .23 This sigma
model, for special choice of the parameters, has a Zr global symmetry. It is a straightforward
generalization of the ZN symmetry in Section 3.2 in the SU(N)/U(1)N−1 sigma model.
The Zr symmetry acts on the φIi field as
Zr : φIi → φI+Mi , (7.22)
and cyclically permutes the r U(M) gauge fields.
We can embed this target space into the SU(N) WZW fundamental field as24
U = φΩ0φ
† ,
Ω0 = e
−2pii(r−1)
2r diag(1, · · · , 1︸ ︷︷ ︸
M
, e
2pii
r , · · · , e 2piir︸ ︷︷ ︸
M
, · · · , e 2pii(r−1)r , · · · , e 2pii(r−1)r︸ ︷︷ ︸
M
) . (7.23)
Then the Zr symmetry acts on the WZW fundamental field as
Zr : U → e 2piir U . (7.24)
There are r θ-angles associated to the r U(M) gauge fields. From (7.23), we see that they
take the following Zr symmetric values, θa = 2piar , a = 1, 2, · · · , r.
There is also a charge conjugation symmetry (3.12)
ZC2 : φIi → φ¯iN−I+1 , U → U∗ , (7.25)
where we have used (Ω0)
∗
I = (Ω0)N−I+1.
The global symmetry of the sigma model (7.3) is then
GUV = (PSU(N)× Zr)o ZC2 . (7.26)
GUV is embedded into the WZW symmetry GWZW =
SU(N)L×SU(N)R
ZN
o ZC2 via (7.23).
Are there GUV -preserving relevant deformations in the SU(N)1 WZW model that can
take us away from the fixed point? Using Table 1, we see that when N ≥ 10 and r ≥ 3,
there is no GUV -preserving relevant deformation, and we expect the sigma model to hit the
23The case of CP1, which corresponds to N = 2, M = 1, r = 2 is as always special and has already been
considered separately in Section 7.3. Below we will exclude that case.
24See footnote 12 for the potential that enforces this field restriction.
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SU(N)1 WZW CFT fixed point.
25 The other possibility is r = N and M = 1, which is
the flag manifold SU(N)/U(1)N−1 that we have already discussed. As before, we do not
expect it to hit the higher level WZW model without fine-tuning, because of the relevant
deformation caused by the primary in the adjoint representation.
8 Summary of Results
We have studied various aspects of the (1+1)-dimensional sigma model on the flag manifold
U(N)/U(M)r with N = rM . Imposing the Zr global symmetry, we argue that if
• r = N and M = 1, i.e. the flag manifold SU(N)/U(1)N−1, or
• r ≥ 3 and N ≥ 10,
the U(N)/U(M)r sigma model with the r U(M) θ-angles chosen to be θa = n
2pia
r
(with
gcd(n, r) = 1) flows to a gapless phase described by the SU(N)1 WZW model. This gener-
alizes the flow from the CP1 sigma model at θ = pi to the SU(2)1 WZW model and the flag
with N = 3 of [1]. (For larger values of N see also the discussion in [4], which slightly differs
from ours.) Our argument is based on the following facts:
• Kinematics: The global symmetries and their anomalies in the flag sigma model can
be embedded into the WZW model.
• Dynamics: The fixed point is robust in the sense that there is no symmetry-preserving
relevant deformation that can potentially take us away from the WZW CFT.
As we emphasized in the introduction, these arguments make it possible to find the SU(N)1
theory at long distances, but they do not guarantee it.
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A The Trace Conditions
In this appendix we show that if a unitary matrix U satisfies
Tr[Un] = 0 , n = 1, 2, · · · , bN/2c . (A.1)
then
Tr[Un] = 0 , n = 1, 2, · · · , N − 1 . (A.2)
Let us start with a formula relating the determinant of a matrix to its traces:
det(U) = (−1)N
∑
k1,k2,··· ,kN
N∏
n=1
(−1)kn
nknkn!
Tr[Un]kn (A.3)
where the sum is over all non-negative integers kn such that
N∑
n=1
nkn = N . (A.4)
Among all the tuples (k1, k2, · · · , kN), every term except for (0, 0, · · · , 1) has at least one kn
nonzero with n ≤ bN/2c. It follows that if (A.1) is satisfied, then
det(U) = (−1)N 1
N
Tr[UN ] . (A.5)
Taking the absolute value on both sides, we have
|Tr[UN ]| = N . (A.6)
Since the eigenvalues of a unitary matrix are all phases, the above equation is only possible
if all eigenvalues of UN are the same, i.e.
UN = eiαI . (A.7)
Using the complex conjugate of (A.1):
0 = Tr[(U †)n] = e−iαTr[UN−n] , n = 1, 2, · · · , bN/2c . (A.8)
This completes the proof.
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B Counting Invariant Deformations
B.1 Generality
In this appendix we will enumerate PSU(N) and PSU(N)× ZN invariant deformations in
the SU(N)/U(1)N−1 sigma model by embedding the latter into the WZW model.
Let us consider the possible PSU(N) invariant deformations in terms of U satisfying
(4.7). In particular, (4.7) (see also (4.10)) implies that
UN = (−1)N−1I . (B.1)
This gives the following identity that will be useful later:
0 = d(UN) = dUUN−1 + UdUUN−2 + · · ·+ UN−1dU . (B.2)
Also, (B.1) implies that we can always replace U † by powers of U :
U † = (−1)N−1UN−1 . (B.3)
Demanding PSU(N) invariance, there are two types of two-derivative terms we can write
down. We will call them the type G and type B terms for reasons that will become obvious
momentarily. They are
G : Tr[UadU ∧ ?U bdU ] , a ≥ b ≥ 0 (B.4)
B : Tr[UadU ∧ U bdU ] , a > b ≥ 0 . (B.5)
Note that the type B term vanishes if a = b. Thus without loss of generality, we will assume
a > b for such a term.
Let us now rewrite the above deformations in terms of φ’s. The relation between the two
bases is U = φΩ0φ
†. A general G type term Tr[UadU ∧ ?U bdU ] can be expanded as follows
Tr[UadU ∧ ?U bdU ] = Tr[φΩa0φ†(dφΩ0φ† + φΩ0dφ†) ∧ ?φΩb0φ†(dφΩ0φ† + φΩ0dφ†)]
= Tr[2Ωa+10 φ
†dφ ∧ ?Ωb+10 φ†dφ− Ωa0φ†dφ ∧ ?Ωb+20 φ†dφ− Ωa+20 φ†dφ ∧ ?Ωb0φ†dφ]
where we have used dφφ†+φdφ† = 0. All three terms above are of the following form, which
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can be computed straightforwardly:
Tr[ΩA0 φ
†dφΩB0 φ
† ∧ ?dφ] = ω−N−12 (A+B)
∑
i,j,I,J
ωA(I−1)+B(J−1) (φ¯iI∂
µφJi ) (φ¯
j
J∂µφ
I
j )
= −ω−N+12 (A+B)
∑
I,J
ωAI+BJ (
∑
i
φ¯iI∂
µφJi ) (
∑
j
φIj∂µφ¯
j
J) (B.6)
Summing over three such terms, we obtain the G type term in the φ language (a ≤ b,
a, b = 0, 1, · · · , N − 2)
Tr[UadU ∧ ?U bdU ]
= ω−
N+1
2
(a+b+2)
∑
1≤I<J≤N
(ωaI+bJ + ωaJ+bI)(ωI − ωJ)2 δµν (
∑
i
φ¯iI∂µφ
J
i ) (
∑
j
φIj∂νφ¯
j
J)
(B.7)
Similarly, the B type term can be written in the φ basis as (a < b, a, b = 0, 1, · · · , N − 1)
Tr[UadU ∧ U bdU ]
= ω−
N+1
2
(a+b+2)
∑
1≤I<J≤N
(ωaI+bJ − ωaJ+bI)(ωI − ωJ)2 µν (
∑
i
φ¯iI∂µφ
J
i ) (
∑
j
φIj∂νφ¯
j
J)
(B.8)
B.2 PSU(N) Invariant Deformations
In this subsection we will count the number of PSU(N) invariant deformations from the
WZW model point of view. Naively, the range of a, b is 0, 1, 2, · · · , N − 1. However, because
of (B.2), there are relations between terms with different a, b. If a = N − 1, we can rewrite
such a type G term as
Tr[UN−1dU ∧ ?U bdU ] = −Tr[UN−2dU ∧ ?U b+1dU ]− Tr[UN−3dU ∧ ?U b+2dU ]− · · ·
− Tr[U bdU ∧ ?UN−1dU ]− Tr[U b+1]dU ∧ ?UNdU ]− · · · − Tr[dU ∧ ?U b+N−1dU ] . (B.9)
Since the ∧? product is symmetric, we can move the first term in the second line to the left,
and solve for Tr[UN−1dU ∧ ?U bdU ] in terms of other type G terms with a < N − 1. We
conclude that it suffices to restrict the range of a, b to 0, 1, · · · , N − 2 for the type G terms.
However, the same argument does not hold for the type B terms, because the first term
in the second line above now becomes Tr[UN−1dU ∧ U bdU ], which is the same as the LHS.
In fact, this identity is trivial for the type B terms and cannot help us solving terms with
a = N − 1 in terms of others.
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To conclude, we record the ranges of a, b below for the type G and B terms:
G : Tr[UadU ∧ ?U bdU ] , a ≥ b, a, b = 0, 1, 2, · · · , N − 2 (B.10)
B : Tr[UadU ∧ U bdU ] , a > b, a, b = 0, 1, 2, · · · , N − 1 . (B.11)
Let us now count the PSU(N) invariant deformations. For the type G terms, there are(
N − 1
2
)
+ (N − 1) = N(N − 1)
2
(B.12)
terms. These are the G-deformation in the φIi language. On the other hand, there are(
N
2
)
=
N(N − 1)
2
(B.13)
type B terms, which are the B-deformation in the φIi language. These altogether reproduce
the counting of G and B deformations in Section 2.1 in the φ language.
B.3 PSU(N)× ZN Invariant Deformations
Next, we further impose the ZN invariance condition. Recall that ZN acts on U as
ZN : U → ωU . (B.14)
Hence the ZN invariance condition further demands the following relation between a and b
for both type G and B terms:
ZN invariance : a+ b+ 2 = 0 mod N . (B.15)
Let us enumerate the number of PSU(N)×ZN invariant deformations. When N is even,
we have the following choices of (a, b):
G : (N − 2, 0) , (N − 3, 1) , · · · ,
(
N − 2
2
,
N − 2
2
)
, (B.16)
B : (N − 2, 0) , (N − 3, 1) , · · · ,
(
N − 2
2
+ 1,
N − 2
2
− 1
)
. (B.17)
Hence there are N/2 type G terms and (N − 2)/2 type B terms when N is even.
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Next, when N is odd, we have the following possible (a, b):
G : (N − 2, 0) , (N − 3, 1) , · · · ,
(
N − 1
2
,
N − 3
2
)
, (B.18)
B : (N − 2, 0) , (N − 3, 1) , · · · ,
(
N − 1
2
,
N − 3
2
)
. (B.19)
Hence there are (N − 1)/2 type G terms and (N − 1)/2 type B terms when N is odd.
To conclude, we have bN/2c PSU(N) × ZN invariant type G terms, and b(N − 1)/2c
PSU(N)× ZN invariant type B terms. This matches perfectly with the counting in the φIi
language. These altogether reproduce the counting of ZN invariant G and B deformations
in Section 3.2.1 in the φ language.
C Symmetric Space SU(N)/SO(N)
In the main text we discuss how the sigma models with target space (7.1) can be embedded
into the SU(N)k WZW model by restricting the WZW fundamental field. This procedure
automatically shows that the sigma model has the same anomaly as the SU(N)k WZW
model, and can be applied to any submanifold of SU(N). As another example, here we apply
this strategy to the symmetric space SU(N)/SO(N). This model is interesting because an
integrable flow from the SU(N)/SO(N) sigma model with nontrivial θ angle to the SU(N)1
WZW fixed point is worked out in [25], generalizing the result for the CP1 = SU(2)/SO(2)
sigma model [26,27].26
The symmetric space SU(N)/SO(N) can be embedded into SU(N) as
SU(N)/SO(N) ' {U ∈ SU(N)|∃φ ∈ SU(N) s.t. U = φφT}, (C.1)
since a matrix U = φφT is invariant under the right action of an orthogonal matrix on φ.
This variable φ can be thought as the field of the SU(N)/SO(N) sigma model. Furthermore,
the same embedding can also be characterized by
SU(N)/SO(N) ' {U ∈ SU(N)|U = UT}. (C.2)
Obviously, a matrix U = φφT is symmetric. Conversely, a symmetric special unitary matrix
U can be represented as U = φφT with
φ = OD
1
2OT , (C.3)
26We thank Ho Tat Lam for a discussion about this coset.
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where O is the orthogonal matrix diagonalizing U as OUOT = D, and D
1
2 is a matrix
satisfying (D
1
2 )2 = D and det(D
1
2 ) = 1.27
The isometry group Giso of SU(N)/SO(N) is the subgroup of
SU(N)L×SU(N)R
ZN
o ZC2 (see
Section 4.1) preserving the condition U = UT . This means a pair (VL, VR) inside the identity
component of Giso should satisfies
VLUV
†
R = (VLUV
†
R)
T = V ∗RUV
T
L (C.4)
for any U = UT . This condition is equivalent to
V ∗R = ω
−`VL (C.5)
with some ` ∈ ZN . Therefore, we can label an element of the identity component of Giso as
(VL, `) with VL ∈ SU(N) and ` ∈ ZN . The quotient in (SU(N)L × SU(N)R)/ZN implies
(VL, VR = ω
`V ∗L ) ∼ (ωVL, ω`+2(ωVL)∗), (C.6)
which, in terms of the labeling (VL, `), means
(VL, `) ∼ (ωVL, `+ 2). (C.7)
We can describe the group Giso as
Giso =
SU(N)× ZN
ZN
o ZC2 . (C.8)
The action of the charge conjugation is (VL, `) 7→ (V ∗L ,−`). We can also write the same
isometry group as
Giso ' S˜U(N)Z2 o Z
C
2 (C.9)
where
S˜U(N) = {Vˆ ∈ U(N)|detVˆ = ±1}, (C.10)
and Z2 quotient is generated by −1 ∈ U(N). The isomorphism (C.9) is given by
(VL, `) 7→ ω−`/2VL. (C.11)
27Existence of suchO can be proven as follows: A symmetric unitary matrix U can be written asX+iY with
real symmetric matrices X and Y . Since U is unitary, we have 1 = X2 + Y 2 + i(XY − Y X) and therefore
X and Y commutes with each other. Hence we can take a orthogonal matrix O which simultaneously
diagonalizes X and Y .
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Note that the ambiguity of the definition of ω−`/2 is absorbed by the Z2 quotient of S˜U(N)Z2 .
The restriction of the field U in the WZW model to be symmetric can be realized by
adding the potential
g
∑
Tr((U − UT )(U − UT )†) = g
∑
i,j
|Uij − Uji|2
= gTr(21− UU∗ − (UU∗)†)
(C.12)
and then taking the coefficient g to infinity.28 This potential is invariant under the symmetry
Giso, since an element (VL, VR) in Giso acts on the term TrUU
∗ transforms as
Tr(UU∗)→ Tr(VLUV †RV ∗LU∗V TR )
= Tr(VLU(ω
`V TL )V
∗
LU
∗(ω−`V †L))
= Tr(UU∗),
(C.13)
because of (C.5). This shows that this potential indeed restricts the field to the desired
subspace.
D Supersymmetric Flag Sigma Model
In this appendix we consider the N = (2, 2) sigma model on SU(N)/U(1)N−1.
D.1 Ka¨hler Moduli Space
For concreteness, we will restrict to the SU(3)/U(1)2 sigma model in this subsection.
N = (2, 2) supersymmetry requires the target space to be a Ka¨hler manifold. However,
not all the SU(3) invariant metrics on the flag manifold are Ka¨hler. By the corollary in
IV.5 of [28], the dimension of the SU(3) invariant Ka¨hler moduli space is 2. We would like
to determine how this subspace of Ka¨hler metric is embedded into the larger metric moduli
space.
To determine the Ka¨hler moduli space, it will be useful to have a gauged linear sigma
model description of the model. The SU(3) model can be described by a gauged linear sigma
model via the Abelian quiver shown in Figure 2 with a superpotential W =
∑3
i=1AiB
iC.
Let us analyze the global symmetry of this quiver theory. The superpotential W =∑3
i=1AiB
iC breaks the two SU(3)’s that rotate Ai and B
i independently to the diagonal
28We can alternatively use the more general construction described in footnote 12.
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Figure 2: The gauged linear sigma model description of the flag manifold SU(3)/U(1)2.
Each node represents a U(1) vector multiplet and the square represents the SU(3) flavor
symmetry. Ai, B
i and C denote the chiral superfields in the fundamental representation of
the two gauge groups connected by the corresponding arrow. i = 1, 2, 3 is the flavor SU(3)
index. There is a superpotential term W =
∑3
i=1AiB
iC.
SU(3). Furthermore, the Z3 center of the diagonal SU(3) acts in the same way on Ai and
Bi as the two U(1) gauge symmetries, and should therefore be excluded from the global
symmetry. To conclude, the continuous global symmetry of the quiver is PSU(3), consistent
with our description of the model in terms of φ in Section 2.1.
The space of zeros of the classical potential of this quiver gauge theory is as follows.29 It
is described by the complex coordinates (Ai, B
i, C) satisfying the D-term equations:
−|C|2 +
3∑
i=1
|Ai|2 = ζ1 , − |C|2 +
3∑
i=1
|Bi|2 = ζ2 , (D.1)
(ζI are the coefficients of Fayet-Iliopoulos (FI) terms) and the F-term equations:
3∑
i=1
AiB
i = 0 , CAi = 0 , CB
i = 0 , (D.2)
and it should be subject to the identification under the U(1)2 gauge symmetry. Here ζI are
the two Ka¨hler moduli of the quiver moduli space.
We will take the FI parameters ζ1,2 to be both positive. For this choice of signs, the
F-term equation sets
C = 0 . (D.3)
29In similar higher dimensional systems this is the moduli space of classical vacua.
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The quiver moduli space is now described by the complex coordinates (Ai, B
i) satisfying
3∑
i=1
|Ai|2 = ζ1 ,
3∑
i=1
|Bi|2 = ζ2 ,
3∑
i=1
AiB
i = 0 ,
(D.4)
and modulo the U(1)2 gauge transformation:
U(1)1 : Ai ∼ eiθ1Ai , Bi → Bi ,
U(1)2 : Ai ∼ Ai , Bi → eiθ2Bi .
(D.5)
We recognize that the variables Ai and B
i are related to the φ fields in (6.7) as
Ai =
√
ζ1 φ
I=1
i , B
i =
√
ζ2 φ¯
i
I=2 . (D.6)
Note that φI=3i has already been solved in terms of φ
I=1,2
i (to be more precise, their complex
conjugates) via (6.4). Also note that the choice of the complex structure in the φ language
is different than that in the quiver presentation.
The two Ka¨hler parameters ζ1,2 parameterize a real two-dimensional subspaceMK of the
total three-dimensional moduli space M of the SU(3) invariant metrics on SU(3)/U(1)2.
Let us write down the bosonic part of the Lagrangian for the gauged linear sigma model.
In the IR of the model, both the gauge coupling and the superpotential coupling flow to
infinity so that Ai, B
i are restricted to obey (D.4) with C = 0. In this limit we can integrate
out the two U(1)2 gauge fields and write the Lagrangian solely in terms of Ai, B
i. This
computation is identical to that in Section 2.1. We obtain
LGLSM =
2∑
I=1
ζI
(
3∑
i=1
|∂φIi |2 − |
3∑
i=1
φ¯iI∂φ
I
i |2
)
+
2∑
I=1
θI
2pi
µν
3∑
i=1
∂µφ
I
i ∂νφ¯
i
I . (D.7)
Since we start with the gauged linear sigma model description, this Lagrangian depends only
on the 2 Ka¨hler moduli (along with the corresponding θ angles) but not the most general
SU(3) invariant metric deformations. Comparing LGLSM with (6.7), we find the embedding
of the 2-dimensional subspace MK into M:
MK =
{
(r1, r2, r3) ∈M
∣∣∣ r3 = 0} . (D.8)
Let us discuss the discrete symmetry action on the moduli space. The S3 symmetry
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acts on the moduli space M by permuting the rI ’s. There is a Z2 subgroup, which ex-
changes r1 with r2, of S3 that leaves MK invariant. The Ka¨hler moduli ζ1,2 fall into the
1 and 1′ representations of the Z2, which are paired with the two θ angles in the same Z2
representations.
The locus rI = 0 on M naively gives a divergent Ricci tensor by inspecting (6.12).
However, (6.12) is only valid when all the rI ’s are large and cannot be trusted on the
submanifold MK .
D.2 Twisted Chiral Ring
In this subsection we discuss the twisted chiral ring of the SU(N)/U(1)N−1 sigma model
with N = (2, 2) supersymmetry. The twisted chiral ring of this model is worked out in [29].
Define the following N ×N matrix
A =

x1 q1 0 . . . 0
−1 x2 q2 . . . 0
0 −1 x3 . . . 0
...
...
...
. . . qN−1
0 0 0 −1 xN
 . (D.9)
In other words,
Aij = xiδij − 1δi,j+1 + qiδi,j−1 . (D.10)
The qi’s are related to the N − 1 complexified FI parameters. The twisted chiral ring is
generated by x1, x2, · · · , xN with relations given by the coefficients of λ in the polynomial
−λN + det(A+ λI) . (D.11)
For example, when N = 2, the relations are
x1 + x2 = 0 , x1x2 + q1 = 0 , (D.12)
which gives the familiar twisted chiral ring C[x1]/{(x1)2 = q1} of CP1.
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Next, the relations in the N = 3 case are
x1 + x2 + x3 = 0 ,
x1x2 + x2x3 + x1x3 + q1 + q2 = 0 ,
x1x2x3 + q2x1 + q1x3 = 0 .
(D.13)
Using the first relation, we can solve x2 as −x1−x3 and get x1x3(x1 +x3) = q2x1 + q1x3 and
x21 + x1x3 + x
2
3 = q1 + q2. Since both q1, q2 are nonzero, the relations forbid either x1 or x3
to be zero. Therefore, we can further simplify the two relations by multiplying the second
relation by x1 and x3 to get
x31 = q1(x1 − x3) , x33 = q2(x3 − x1) . (D.14)
To conclude, the twisted chiral ring of SU(3)/U(1)2 is
C[x1, x3]/{x31 = q1(x1 − x3) , x33 = q2(x3 − x1)} . (D.15)
Let us reproduce this twisted chiral ring from the Abelian quiver description in Figure 2.
Denote the bottom component scalar fields of the two U(1) vector multiplets by Σ1 and Σ2,
respectively. Integrating out the chiral multiplets Ai, B
i, C gives us the following quantum
twisted superpotential
W˜ = it1Σ1 + it2Σ2 +
3
2pi
Σ1 (log Σ1 − 1)− 3
2pi
Σ2 (log Σ2 − 1) + 1
2pi
(Σ2 − Σ1) (log(Σ2 − Σ1)− 1)
(D.16)
where ti = iri + θi/2pi is the complexified FI parameters with periodicity ti ∼ ti + 1. From
this twisted superpotential, we obtain the following relations
Σ31 = −e−2piit1(Σ1 − Σ2) ,
Σ32 = e
2piit2(Σ2 − Σ1) ,
(D.17)
which agrees with (D.14) if we identify the variables on both sides as
x1 = Σ1 , x3 = Σ2 , q1 = −e−2piit1 , q2 = e2piit2 . (D.18)
There is an alternative non-Abelian quiver description (see Figure 3) of the SU(3)/U(1)2
sigma model [30], which is related to the Abelian quiver in Figure 2 by a duality move [31].
We will derive the same twisted chiral ring from this non-Abelian quiver. The general
equivalence of the twisted chiral rings from dual quivers is discussed in [32].
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21 3////
Figure 3: The non-Abelian gauged linear sigma model description of the flag manifold
SU(3)/U(1)2. It is related to the Abelian quiver in Figure 2 by a duality move on the
middle node.
Let the bottom component of the U(1) vector multiplet be Σ′, and let Σ′1,Σ
′
2 be those of
the Cartan of the U(2) vector multiplet. Let t′1 and t
′
2 be the complexified FI parameters of
the U(1) and the U(2) nodes, respectively. The twisted superpotential is
W˜ = it′1Σ
′ + it′2(Σ
′
1 + Σ
′
2)−
1
2pi
2∑
a=1
(Σ′a − Σ′) (log(Σ′a − Σ′)− 1) +
3
2pi
2∑
a=1
Σ′a(log Σ
′
a − 1) ,
(D.19)
from which we obtain the following equations
e−2piit
′
1 = (Σ′1 − Σ′)(Σ′2 − Σ′) ,
e2piit
′
2 Σ′31 = Σ
′
1 − Σ′ ,
e2piit
′
2 Σ′32 = Σ
′
2 − Σ′ .
(D.20)
Note that Σ′a’s are not good coordinates of the ring. The two fields Σ
′
1 and Σ
′
2 are
exchanged by the Z2 Weyl group. The Weyl invariant coordinates are
A = Σ′1 + Σ
′
2 , B = Σ
′
1Σ
′
2 . (D.21)
We can rewrite the above equations in terms of Σ′, A,B:
e−2piit
′
1 = B − AΣ′ + Σ′2 , (D.22)
e2piit
′
2 A(A2 − 3B) = A− 2Σ′ , (D.23)
A2 −B = e−2piit′2 . (D.24)
Importantly, we have assumed Σ′1 6= Σ′2 to avoid the massless W-bosons to obtain the above
relations [33, 34]. We can use (D.24) to solve B as B = A2 − e−2piit′2 , and then substitute it
back into (D.24) to obtain
A3 = e−2piit
′
2 (A+ Σ′) . (D.25)
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Finally, we multiply (D.23) by A+ Σ′ and use the last equation (D.25) to get
Σ′3 = e−2piit
′
1(A+ Σ′) . (D.26)
We therefore have derived the same twisted chiral ring as (D.15) if we identify the variables
as
Σ1 = Σ
′ , Σ2 = −A , (D.27)
t1 = t
′
1 +
1
2
, t2 = −t′2 . (D.28)
References
[1] M. Lajko, K. Wamer, F. Mila, and I. Affleck, “Generalization of the Haldane
conjecture to SU(3) chains,” Nucl. Phys. B924 (2017) 508–577, 1706.06598.
[2] E. Witten, “Nonabelian Bosonization in Two Dimensions,” Commun. Math. Phys. 92
(1984) 455–472.
[3] I. Affleck and F. D. M. Haldane, “Critical Theory of Quantum Spin Chains,” Phys.
Rev. B36 (1987) 5291–5300.
[4] Y. Tanizaki and T. Sulejmanpasic, “Anomaly and global inconsistency matching:
θ-angles, SU(3)/U(1)2 nonlinear sigma model, SU(3) chains and its generalizations,”
1805.11423.
[5] I. Affleck, “FIELD THEORY METHODS AND QUANTUM CRITICAL
PHENOMENA,” in Les Houches Summer School in Theoretical Physics: Fields,
Strings, Critical Phenomena Les Houches, France, June 28-August 5, 1988,
pp. 0563–640. 1988.
[6] I. Affleck, “Critical Behavior of SU(n) Quantum Chains and Topological Nonlinear σ
Models,” Nucl. Phys. B305 (1988) 582–596.
[7] D. Bykov, “Haldane limits via Lagrangian embeddings,” Nucl. Phys. B855 (2012)
100–127, 1104.1419.
[8] D. Bykov, “The geometry of antiferromagnetic spin chains,” Commun. Math. Phys.
322 (2013) 807–834, 1206.2777.
[9] S. Collier, Y.-H. Lin, and X. Yin, “Modular Bootstrap Revisited,” JHEP 09 (2018)
061, 1608.06241.
57
[10] S. Hellerman, “A Universal Inequality for CFT and Quantum Gravity,” JHEP 08
(2011) 130, 0902.2790.
[11] D. Friedan and C. A. Keller, “Constraints on 2d CFT partition functions,” JHEP 10
(2013) 180, 1307.6562.
[12] D. Gaiotto, A. Kapustin, Z. Komargodski, and N. Seiberg, “Theta, Time Reversal,
and Temperature,” JHEP 05 (2017) 091, 1703.00501.
[13] D. E. Littlewood, “The Kronecker Product of Symmetric Group Representations,”
Journal of the London Mathematical Society 31 no. 1, 89–93.
[14] S. C. Furuya and M. Oshikawa, “Symmetry Protection of Critical Phases and a Global
Anomaly in 1 + 1 Dimensions,” Phys. Rev. Lett. 118 (2017), no. 2, 021601,
1503.07292.
[15] Y. Yao, C.-T. Hsieh, and M. Oshikawa, “Anomaly matching and symmetry-protected
critical phases in SU(N) spin systems in 1+1 dimensions,” 1805.06885.
[16] I. Affleck, “Exact Critical Exponents for Quantum Spin Chains, Nonlinear Sigma
Models at θ = pi and the Quantum Hall Effect,” Nucl. Phys. B265 (1986) 409–447.
[17] P. Lecheminant, “Massless renormalization group flow in SU(N)k perturbed conformal
field theory,” Nucl. Phys. B901 (2015) 510–525, 1509.01680.
[18] D. H. Friedan, “Nonlinear Models in 2 +  Dimensions,” Annals Phys. 163 (1985) 318.
[19] L. Alvarez-Gaume, D. Z. Freedman, and S. Mukhi, “The Background Field Method
and the Ultraviolet Structure of the Supersymmetric Nonlinear Sigma Model,” Annals
Phys. 134 (1981) 85.
[20] C. G. Callan, Jr., E. J. Martinec, M. J. Perry, and D. Friedan, “Strings in Background
Fields,” Nucl. Phys. B262 (1985) 593–609.
[21] D. V. Alekseevsky, “Homogeneous Einstein metrics,” Differential Geometry and its
Applications. Communications. (Proceedings of Brno Conference), Univ. of J. E.
Purkyne-Czechoslovakia (1987) 1–12.
[22] A. Arvanitoyeorgos, “New invariant Einstein metrics on generalized flag manifolds,”
Trans. Amer. Math. Soc. 337 (1993) 981–995.
[23] M. A. Metlitski and R. Thorngren, “Intrinsic and emergent anomalies at deconfined
critical points,” Phys. Rev. B98 (2018), no. 8, 085140, 1707.07686.
58
[24] R. Shankar and N. Read, “The θ = pi Nonlinear σ Model Is Massless,” Nucl. Phys.
B336 (1990) 457–474.
[25] P. Fendley, “Integrable sigma models with θ = pi,” Phys. Rev. B63 (2001) 104429,
cond-mat/0008372.
[26] V. A. Fateev and A. B. Zamolodchikov, “Integrable perturbations of ZN parafermion
models and O(3) sigma model,” Phys. Lett. B271 (1991) 91–100.
[27] A. B. Zamolodchikov and A. B. Zamolodchikov, “Massless factorized scattering and
sigma models with topological terms,” Nucl. Phys. B379 (1992) 602–623.
[28] D. V. Alekseevsky, “Flag manifolds,” Yugoslav Geometrical Seminar (1996) 3–35.
[29] A. Astashkevich and V. Sadov, “Quantum cohomology of partial flag manifolds,”
Commun. Math. Phys. 170 (1995) 503–528, hep-th/9401103.
[30] R. Donagi and E. Sharpe, “GLSM’s for partial flag manifolds,” J. Geom. Phys. 58
(2008) 1662–1692, 0704.1761.
[31] F. Benini and S. Cremonesi, “Partition Functions of N = (2, 2) Gauge Theories on S2
and Vortices,” Commun. Math. Phys. 334 (2015), no. 3, 1483–1527, 1206.2356.
[32] F. Benini, D. S. Park, and P. Zhao, “Cluster Algebras from Dualities of 2d N = (2, 2)
Quiver Gauge Theories,” Commun. Math. Phys. 340 (2015) 47–104, 1406.2699.
[33] A. Hanany and K. Hori, “Branes and N = 2 theories in two dimensions,” Nucl. Phys.
B513 (1998) 119–174, hep-th/9707192.
[34] O. Aharony, S. S. Razamat, N. Seiberg, and B. Willett, “The long flow to freedom,”
JHEP 02 (2017) 056, 1611.02763.
59
